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1. Introduction

Stochastics is applied in many areas. At first glance, the following points seem to me to
be the most important (in particular for the audience of this lecture):

1. Assessment of medical and scientific hypotheses (approval of pharmaceuticals, qual-
ity of components, mobile communications: proof of harmlessness?)

2. Reading and interpreting statistics
3. Financial and insurance mathematics
4. Control and regulation (Google Cars, Apollo space shuttle)
5. Foundations of machine learning (Google Voice, Siri, . . . )

As supplementary literature, the excellent lecture notes

• Probability Theory and Statistics by Hans Föllmer, Hansruedi Künsch, with addi-
tions by Josef Teichmann. They can be found at
ftp://ftp.stat.math.ethz.ch/Teaching/kuensch/skript-einf.pdf

are well suited. They served as a template for these lecture notes, but go far beyond the
material presented here (after all, this is only a two-hour lecture).

There are many books on probability theory; it is worthwhile to take a look at all of them
once and then choose one or two favorites for in-depth study.

• Bauer (1990). Probability Theory. A classic.
• Georgii (2015). Stochastics (5th ed.). Easy to read and also contains a part on

statistics.
• Tappe (2013). Introduction to Probability Theory. Here one obtains a well-presented

account of the background in measure theory and the missing proofs of the limit
theorems.

• Henze (2011). Stochastics for Beginners. With many motivating examples.
• Chung (2001). A Course in Probability Theory.
• Jacod, Protter (2004). Probability Essentials. A very condensed version written by

two masters of the field.

This lecture notes arose from the courses on Stochastics lectured in Freiburg many times.
The presented text is a shortened version and was translated to English was done with
the use of ChatGPT. Please give me feedback on any issues you find.

(2026, Thorsten Schmidt)
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2. The Concept of Probability

The central idea is to view random variables as mappings, for example X : Ω → Rn; more
general state spaces than Rn are also possible. The space Ω is called the sample space.
We begin with a few examples.

B 2.1 Sample spaces: Possible examples include:

(i) For a die roll we choose Ω = {1, 2, 3, . . . , 6}.

(ii) Infinitely many tosses of a coin can be represented by Ω = {0, 1}N (the set of all
binary sequences).

(iii) The motion of a microscopic particle on a liquid surface: Ω = C (R+,R2) (that is,
the set of continuous mappings from R+ to R2).

Besides the sample space, there is a collection of observable events A ⊂ P(Ω), where
P(Ω) denotes the set of all subsets of Ω. For an event A ∈ A we say that A occurs if the
realized outcome ω ∈ Ω is an element of A. Some examples follow.

B 2.2 Events: The following are possible events:

(i) The result is an even number: A = {2, 4, 6}.

(ii) The third toss is heads: A = {ω ∈ Ω : ω3 = 1}.

(iii) The particle remains inside a circle of radius r: for this we choose Ω = C (R+,R2)
and

A =
{
x ∈ Ω : sup

t∈R+

∥x(t)∥ ≤ r
}
.

Using set-theoretic operations (∩, ∪, complement), one can now construct new events
from existing events. Beyond this, the central concept is a probability measure: this is
a mapping P : A → [0, 1] which assigns to each event A ∈ A a probability P (A).

There are various motivations and interpretations for the probability measure:

(i) Subjective: One may assign subjective probabilities to events, for example to the
outcome of an election or to the occurrence of rain on the following day. The rules
developed below can then be applied, and certain conclusions can be drawn.
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4 2. The Concept of Probability

(ii) Frequentist: Based on repeated experiments, one can determine relative frequencies
and interpret them as probabilities. Indeed, this is a major motivation, since we
shall later show that relative frequencies of independent and identically distributed
random variables even converge to the true (and unknown) probabilities.

(iii) Uniform distribution: If no prior information is available, one may regard all ω as
equally likely. This leads to the uniform distribution and to the classical Laplace
experiments.

2.1 Discrete Probability Spaces

Let the sample space Ω be countable or finite. We define

P (ω) := P ({ω}) ∈ [0, 1] (2.3)

for each ω ∈ Ω. As a normalization condition we require

1 = P (Ω) =
∑
ω∈Ω

P (ω). (2.4)

We set A := P(Ω) and define

P (A) =
∑
ω∈A

P (ω), A ∈ A .

For pairwise disjoint sets A1, A2, . . . (Ai ∩ Aj = ∅ for i ̸= j) we then obtain

P
(⋃

i

Ai

)
=

∑
ω∈

⋃
i Ai

P (ω) =
∑
i

∑
ω∈Ai

P (ω) =
∑
i

P (Ai), (2.5)

that is, probabilities add up!

In the general theory, we shall later take (2.4) and (2.5) as axioms. On a countable
set, any mapping P satisfying (2.4) and (2.5) is uniquely determined by the elementary
probabilities in (2.3).

It is easily shown that the following calculation rules hold:

P (Ac) = 1− P (A), (2.6)
P (A ∪B) = P (A) + P (B)− P (A ∩B), (2.7)

P
( n⋃

i=1

Ai

)
=

n∑
k=1

(−1)k+1
∑

1≤i1<···<ik≤n

P (Ai1 ∩ · · · ∩ Aik), (2.8)

A ⊆ B ⇒ P (A) ≤ P (B). (2.9)
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B 2.10 Poisson distribution: Let Ω = {0, 1, 2, . . . } denote the number of WhatsApp messages
received in 10 minutes. A possible model is

P (ω) = e−λλ
ω

ω!
, ω ∈ Ω,

with parameter λ > 0. Then
∑

ω∈Ω P (ω) = 1, and the probability that at least one
message arrives is

P ({1, 2, . . . }) = 1− P ({0}) = 1− e−λ.

Remark 2.11. Siméon Poisson (1781–1840) was a French mathematician who worked
on an extraordinary range of topics. He was a student of Pierre Laplace and published
a total of about 300–400 mathematical papersa. In the work Poisson (1837) he studied
criminal trials and sought to compute the probability of correct verdicts when jurors
decide independently but only with a certain probability of being correct. Starting
from a binomial distribution, he obtained the Poisson distribution as a limiting dis-
tribution—exactly as we shall prove in Theorem 2.51.
aSource: https://de.wikipedia.org/wiki/SimÃľon_Denis_Poisson

2.1.1 Expectation

We consider the random variable
X : Ω → R.

Here we allow for a general sample space Ω, but assume that X(Ω) is countable. In this
case, X is called discrete.

To every random variable X we associate its expectation

E[X] =
∑
ω∈Ω

X(ω)P (ω). (2.12)

For a function of X we obtain that f(X) is again a discrete random variable, and hence

E[f(X)] =
∑
ω∈Ω

f(X(ω))P (ω).

It is important that (2.12) is well defined. This is, for example, the case if X ≥ 0 (!).
If X takes both positive and negative values, we decompose X = X+ −X− with X+ =
max(X, 0) and X− = (−X)+ and define

E[X] = E[X+]− E[X−],

provided that not both sums are infinite, i.e., min(E[X+], E[X−]) < ∞. In this case, the
following important identity holds:

E[X] =
∑

x∈X(Ω)

∑
ω:X(ω)=x

X(ω)P (ω) =
∑

x∈X(Ω)

x · P (X = x). (2.13)

https://de.wikipedia.org/wiki/Siméon_Denis_Poisson
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The mapping
X(Ω) ∋ x 7→ P (X = x) := P ({ω ∈ Ω | X(ω) = x})

is again a probability measure (satisfying (2.4) and (2.5)) and is called the distribution
of X. We write µ(x) = P (X = x).

B 2.14 Expectation of a Poisson distribution: In Example 2.10 we choose X(ω) = ω and
obtain

E[X] =
∞∑
x=0

x · P (X = x) =
∞∑
x=0

xe−λλ
x

x!

=
∞∑
x=1

e−λ λ
x−1 · λ

(x− 1)!
= λ,

that is, the parameter λ is precisely the expected number of arrivals.

B 2.15 Insurance: In a simple insurance contract, the payment made by the insurer is given by

X =

{
c, if event A occurs,
0, otherwise,

and is therefore random. The premium, however, is fixed, and a first natural choice for it
is

E[X] = c · P (A) + 0 · P (Ac) = c · P (A).

Thus one would charge c ·P (A) (plus an additional amount depending on the riskiness of
the contract, which we leave aside for a moment). ⋄

From the definition of the expectation we immediately obtain

E[aX + bY ] = aE[X] + bE[Y ], a, b ∈ R, (2.16)

whenever both sides are well defined. (→ Linear algebra!)

Lemma 2.17. If X(Ω) ⊆ {0, 1, 2, . . . }, then

E[X] =
∞∑
n=0

P (X > n).

Proof: We compute

∞∑
n=0

P (X > n)
(2.5)
=

∞∑
n=0

∞∑
k=n+1

P (X = k) =
∞∑
k=1

k−1∑
n=0

P (X = k)

=
∞∑
k=1

k · P (X = k)
(2.13)
= E[X].



2.1 Discrete Probability Spaces 7

2.1.2 Laplace Models

This section is in addition to the lecture and considers a finite sample space Ω. It serves
as an example base and connects with the typical cases studied at school.

The two arising distributions, the binomial distribution and, to a smaller degree, the
hypergeometric distribution, will be subject of further studies and are therefore a part of
the lecture.

Most measurements, for example, are discrete (say, in centimeters), so that many scenarios
can already be modeled using a discrete probability model.

For each ω ∈ Ω one now has to specify a probability. As emphasized in the introduction,
a frequently used model is the uniform distribution: all ω have the same probability. This
is the case, for instance, when rolling a die, or when no prior information is available—for
example, when dropping a slice of bread for the first time in order to test on which side
it lands. This is called a Laplace model, that is,

P (ω) = const.. (2.18)

Due to the normalization condition, we can easily compute P , and obtain

P (ω) =
1

|Ω|
. (2.19)

For an event A ∈ A we obtain the well-known rule

P (A) =
|A|
|Ω|

=
number of favorable outcomes
number of possible outcomes

. (2.20)

Here |A| denotes the number of elements of A. This probability measure P is called the
uniform distribution on Ω, and the model is referred to as a Laplace model.

B 2.21 The hat-check problem (Montmort 1708): n coats are randomly distributed among
n people. What is the probability that no person receives their own coat?1

As a model we choose the set of all permutations of {1, . . . , n}, Ω = Sn, and let P be the
uniform distribution on Ω. Define

Ai = {ω ∈ Ω : ω(i) = i} (i-th person receives their own coat),

and let

A =
( n⋃

i=1

Ai

)c
1See also the corresponding Wikipedia article https://de.wikipedia.org/wiki/Fixpunktfreie_
Permutation. Strictly speaking, the problem concerns fixed-point-free permutations. The proof used
here goes back to Nikolaus Bernoulli. Already for n ≥ 4, the proportion of fixed-point-free permuta-
tions is very close to 37%.

https://de.wikipedia.org/wiki/Fixpunktfreie_Permutation
https://de.wikipedia.org/wiki/Fixpunktfreie_Permutation
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Figure 2.1: An urn containing N balls from which a sample of n balls is drawn, either
with or without replacement.

be the event of interest. We compute

P (Ac) = P
( n⋃

i=1

Ai

)
=

n∑
k=1

(−1)k+1
∑

1≤i1<···<ik≤n

P (Ai1 ∩ · · · ∩ Aik)︸ ︷︷ ︸
=

(n−k)!
n!

=
n∑

k=1

(−1)k+1

(
n

k

)
(n− k)!

n!︸ ︷︷ ︸
=(k!)−1

= −
n∑

k=1

(−1)k

k!
.

It follows that

P (A) = 1 +
n∑

k=1

(−1)k

k!
−−−→
n→∞

e−1 ≈ 0.37.

B 2.22 Random sampling (opinion polls, etc.): An urn contains K red and N −K white
balls2. A sample of n balls is drawn. After drawing a ball, it may either be replaced or
not.

Let ωi denote the i-th ball. The corresponding sample space is then

(i) With replacement: Ω = {(ω1, . . . , ωn) : 1 ≤ ωi ≤ N},

(ii) Without replacement: Ω′ = {(ω1, . . . , ωn) : 1 ≤ ωi ≤ N, ωi ̸= ωj for i ̸= j}.

We denote by P and P ′ the uniform distributions on Ω and Ω′, respectively, and compute
the distribution of the random variable

X = number of red balls in the sample.

We treat the two cases separately:
2Each ball is labeled with a number. The first K balls are red, and balls K + 1, . . . , N are white.
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(i) With replacement: Let Ak = {X = k} = {ω ∈ Ω : 1 ≤ ωj ≤ K for exactly k indices j},
k = 0, . . . , n, be the event that exactly k red balls are drawn. Then

P (X = k) =
|Ak|
|Ω|

.

We compute |Ω| = Nn and

|Ak| =
(
n

k

)
Kk(N −K)n−k,

and thus obtain

P (X = k) =

(
n

k

)
pk(1− p)n−k, (2.23)

with p = K/N. This distribution is called the binomial distribution.

(ii) Without replacement: Now |Ω′| = N(N − 1) · · · (N − n+ 1), and

|Ak| =
(
n

k

)
K(K−1) · · · (K−k+1) (N −K)(N −K−1) · · · (N −K− (n−k)+1),

provided K ≥ k and N −K ≥ n− k. It follows that

P ′(X = k) =

(
K
k

)(
N−K
n−k

)(
N
n

) . (2.24)

This distribution is called the hypergeometric distribution.

For N → ∞, K → ∞, and K
N

→ p, the hypergeometric distribution converges to the
binomial distribution. (Exercise)

If one wishes to ignore the order of the draws, one may choose the following sample spaces:

Ω3 = {(ω1, . . . , ωn) : 1 ≤ ω1 ≤ ω2 ≤ · · · ≤ N},
Ω4 = {(ω1, . . . , ωn) : 1 ≤ ω1 < ω2 < · · · ≤ N}.

Whether one uses the uniform distribution on Ω′ or on Ω4 makes no difference; however,
this does matter for Ω versus Ω3: (1, . . . , 1) ∈ Ω3 corresponds only to (1, . . . , 1) ∈ Ω,
whereas (1, 2, . . . , n) ∈ Ω3 corresponds to n! distinct elements of Ω.
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Figure 2.2: Binomialverteilung - simuliert (100, 1.000 und 10.000-mal) und theoretische
Wahrscheinlichkeitsverteilung.

1 import numpy as np
2 import matplotlib.pyplot as plt
3 from scipy.stats import binom
4

5 # Parameter
6 n = 10 # Anzahl der Versuche
7 p = 0.5 # Erfolgswahrscheinlichkeit
8 size = 10000 # Anzahl der simulierten Experimente
9

10 # Simulation: Ziehe Stichproben aus einer Binomialverteilung
11 samples = np.random.binomial(n, p, size=size)
12

13 # Theoretische Wahrscheinlichkeiten
14 x = np.arange(0, n + 1)
15 pmf = binom.pmf(x, n, p)
16

17 # Plot der Ergebnisse
18 plt.figure(figsize =(8, 5))
19 plt.hist(samples , bins=np.arange (-0.5, n + 1.5, 1), density=True ,

alpha =0.6, color=’skyblue ’, label=’Simulation ’)
20 plt.plot(x, pmf , ’o’, color=’red’, label=’Dichte ’)
21

22 plt.title(f’Binomialverteilung (n={n}, p={p})’)
23 plt.xlabel(’Anzahl Erfolge ’)
24 plt.ylabel(’Wahrscheinlichkeit ’)
25 plt.legend ()
26 plt.grid(alpha =0.3)
27 plt.show()

Listing 2..1: Binomialverteilung in Python
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Figure 2.3: A first stochastic process! The time n is shown on the x-axis, and the value
of the process S on the y-axis. For example, the value at n = 4 is 2, which we
typically write as S4 = S4(ω) = 2.

2.1.3 The Random Walk

The random walk is a mathematical model for the concatenation of random movements.
It is a discrete version of Brownian motion and a starting point for many models in
applications. Since we work on a finite sample space Ω, all computations can be carried
out using elementary mathematics.

We choose Ω = {ω = (ω1, . . . , ωN) : ωi ∈ {−1,+1}} =: {−1,+1}N and define

Xk(ω) = ωk and Sn =
n∑

k=1

Xk(ω).

The random variable Xk represents the movement in the k-th step, and Sn is the sum of
the first steps, that is, it gives the position of the random walk at time n. We start at 0,
i.e., S0(ω) = 0.
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We regard all paths as equally likely and model this as follows: Let P be the uniform
distribution on Ω, that is,

P (ω) =
1

2N
and A = P(Ω). (2.25)

Definition 2.26 (Random walk). Let Ω = {−1,+1}N . The sequence (Sn)n=0,1,...,N on
the probability space (Ω,A , P ) defined in (2.25) is called a random walk starting
at 0.

From (2.25) it follows that

P (Xk = 1) =
2N−1

2N
=

1

2
, k = 1, . . . , N.

The first n steps form a so-called random walk with n steps. We have

E[Xk] = P (Xk = 1) · 1 + (−1) · P (Xk = −1) = 0, and

E[Sn] =
(2.16)

n∑
k=1

E[Xk] = 0, n = 0, . . . , N.

Proposition 2.27 (Random walk). For all k = 0, . . . , n we have

P (Sn = 2k − n) =

(
n

k

)
2−n,

and otherwise P (Sn = k) = 0. Thus, the distribution of Sn is a linearly transformed
binomial distribution with p = 1

2
.

Proof: Let Un denote the number of ups,

Un =
n∑

k=1

1{Xk=1},

then Sn = Un − (n− Un) = 2Un − n.
We obtain

|{Un = k}| =
(
n

k

)
2N−n (2.28)

and hence

P (Un = k) =

(
n

k

)
2N−n

2N
=

(
n

k

)
2−n.

We can now consider interesting random variables associated with this process. One such
example is the first hitting time of a prescribed level. To this end, we define

Ta(ω) = min{n > 0 : Sn(ω) = a}, with min∅ = ∞.
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Figure 2.4: Illustration of the reflection principle: the probability of crossing −a = −4
and ending at b = −2 equals the probability of ending at −2a− b = −6.

Lemma 2.29 (Reflection principle). For a > 0 and b ≥ −a we have

P (T−a ≤ n, Sn = b) = P (Sn = −2a− b).

The proof is carried out by counting paths. By reflecting paths appropriately, one obtains
a simple representation, which is illustrated in Figure 2.4.

To compute the first hitting time, we now present the proof in detail.

Proposition 2.30. For a ̸= 0 we have

P (T−a ≤ n) = 2P (Sn < −a) + P (Sn = −a)

= P
(
Sn /∈ (−a, a]

)
.
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Proof: Using the additivity property (2.5), we obtain

P (T−a ≤ n) =
∞∑

b=−∞

P (T−a ≤ n, Sn = b)

Lemma 2.29
=

−a∑
b=−∞

P (Sn = b) +
∞∑

b=−a+1

P (Sn = −2a− b)

= P (Sn ≤ −a) + P (Sn ≤ −a− 1)

= 2P (Sn < −a) + P (Sn = −a)

=
Symmetry

P (Sn < −a) + P (Sn > a) + P (Sn = a).

Remark 2.31. The random walk is a discrete model of Brownian motion, which
is one of the most important models in stochastics. While the existence of Brownian
motion can only be established with considerable effort (and this is done in Probability
Theory I), this poses no difficulty for the random walk. Albert Einstein and Norbert
Wiener studied Brownian motion intensively, and the application of the reflection
principle to Brownian motion goes back to Paul Lévy.

We conclude with a simulation of the random walk. In contrast to the first hitting time,
we now consider the last hitting time. This is a substantially more complex random time,
since one must know the entire path up to the final time. Consequently, it is not a stopping
time (a stopping time is a random time for which, at each time t, one knows whether it
has already occurred or not. This is the case for the first hitting time).

1 import numpy as np
2 import matplotlib.pyplot as plt
3

4 # Anzahl der Schritte
5 N = 10000
6

7 # Zwei Zufallspfade: Schritte +1 oder -1 mit gleicher
Wahrscheinlichkeit

8 omega1 = np.random.choice([-1, 1], size=N)
9 omega2 = np.random.choice([-1, 1], size=N)

10

11 # Kumulative Summen = Positionen der Irrfahrt
12 S1 = np.cumsum(omega1)
13 S2 = np.cumsum(omega2)
14

15 # Letzter Zeitpunkt , an dem der Pfad die Null erreicht
16 T1 = np.max(np.where(S1 == 0)[0]) if np.any(S1 == 0) else None
17 T2 = np.max(np.where(S2 == 0)[0]) if np.any(S2 == 0) else None
18
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Figure 2.5: Simulation der Irrfahrt - wir markieren jeweils den letzten Zeitpunkt an
welchem der Pfad die Null erreicht.

19 # Plot
20 plt.figure(figsize =(10, 6))
21

22 # Pfade zeichnen
23 plt.plot(S1, color=color1 , lw=0.5, label="Pfad 1")
24 plt.plot(S2, color=color2 , lw=0.5, label="Pfad 2")
25 plt.axhline(0, color=zero_line , linestyle="--", lw=1)
26

27 # Letzte Nulltreffer markieren
28 if T1 is not None:
29 plt.axvline(T1, color=highlight , linestyle="--", lw=1.2)
30 if T2 is not None:
31 plt.axvline(T2, color=highlight , linestyle="--", lw=1.2)
32

33 plt.show()

Listing 2..2: Letzter Besuch der Null bei der Irrfahrt
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2.1.4 Conditional Probabilities

In this section we introduce a new concept on (Ω,A , P ): probability incorporating addi-
tional information (for example: the sum of the dice is even, or similar).

Definition 2.32 (Conditional probability). Let A,B ∈ A with P (B) > 0. Then

P (A | B) =
P (A ∩B)

P (B)

is called the conditional probability of A given B.

The mapping P (· | B) is a new probability measure on (Ω,A ) with

P (A | B) = 0, ∀A ∈ A : A ∩B = ∅.

Thus, the entire probability mass is concentrated on the event B.

B 2.33 Two dice: Let Ω = {1, . . . , 6}2 and

Ai = first die shows i ,

Bk = sum of the dice is k .

Then P (Ai | B7) =
1/36
1/6

= 1
6

for i = 1, . . . , 6, so the information B7 is useless. However,

P (Ai | B11) =

{
1
2
, for i = 5, 6,

0, for i = 1, . . . , 4.

⋄

We call a countable family of sets (Bi)i∈I a pairwise disjoint decomposition of Ω if Ω =⋃
iBi and Bi ∩Bj = ∅ for i ̸= j.

Proposition 2.34 (Law of total probability). Let (Bi)i∈I be a pairwise disjoint de-
composition of Ω with P (Bi) > 0, i ∈ I. Then for all A ∈ A ,

P (A) =
∑
i∈I

P (A | Bi) · P (Bi).

Proof. First note that
A =

⋃
i

(A ∩Bi),

since the Bi form a pairwise disjoint decomposition (a so-called partition) of Ω. It follows
that

P (A) =
∑
i

P (A ∩Bi),

and the claim follows by inserting the definition of conditional probability.
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Proposition 2.35. Let A1, . . . , An ∈ A with P (A1 ∩ · · · ∩ An) > 0. Then

P
( n⋂

i=1

Ai

)
= P (A1) · P (A2 | A1) · P (A3 | A1 ∩ A2) · · ·P (An | A1 ∩ · · · ∩ An−1).

The proof is left as an exercise.

B 2.36 Birthday problem: What is the probability that n people all have birthdays on different
days?

Let Ai = the event that the first i people have birthdays on different days. Then

P (A1 ∩ · · · ∩ An) = 1 · 364
365

· 363
365

· · · 365− n+ 1

365
.

For n = 50 this yields approximately 0.03. ⋄

Let A,B ∈ A with P (A) > 0 and P (B) > 0. From the definition of conditional probability
it follows that

P (B | A) = P (B ∩ A)

P (A)
=

P (A ∩B)

P (A)
=

P (B) · P (A | B)

P (A)
. (2.37)

⇒ conditional probability is not symmetric!

Proposition 2.38 (Bayes’ theorem). Let (Bi)i∈J be a pairwise disjoint decomposition
of Ω with Bi ∈ A , i ∈ J , and let A ∈ A with P (A) ̸= 0. Then

P (Bi | A) =
P (Bi) · P (A | Bi)∑
j∈J P (Bj) · P (A | Bj)

.

Proof. We have
P (A) =

∑
j∈J

P (A ∩Bj) =
∑
j∈J

P (Bj) · P (A | Bj),

and the claim follows from (2.37). In the case where P (Bi) = 0, the value of P (A | Bi) is
arbitrary, and we set it equal to 0.

Interpretation: We have several hypotheses (Bi) with a priori probabilities P (Bi). Under
hypothesis Bi, the event A occurs with probability P (A | Bi). If A has occurred, one can
use these quantities to determine the a posteriori probability P (Bi | A). (→ taxi
example)
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The definition of conditional probability goes back to the posthumously published
essay by Thomas Bayes in 1763 Bayes (1763), which can be accessed at
https://royalsocietypublishing.org/doi/10.1098/rstl.1763.0053.

At that time, the term ratio referred to a proportion, that is, a product. For this
reason, Proposition 3 in our notation reads

P (A ∩B) = P (A) · P (B | A). (2.39)

The argument presented there is of considerable interest, as it still proceeds without
our modern notation of probability.

B 2.40 Signal transmission: We consider a communication channel over which zeros and ones
are transmitted, but are received with noise. We set

Ai = {i received} and Bi = {i sent}.

We know P (Bi) and P (Aj | Bi). We seek the decoding rule φ : {0, 1} → {0, 1} such
that [A0 ∩ A1 = ∅] and

P (decoded correctly) = P (A0 ∩Bφ(0)) + P (A1 ∩Bφ(1))

is maximized. We obtain the following table:

Decoding correct P (correct)
φ1 ≡ 1 B1 P (B1) =: α

φ2 ≡ 0 B0 1− α

φ3(1) = 1, φ3(0) = 0 A1 ∩B1 + A0 ∩B0 α · P (A1 | B1)︸ ︷︷ ︸
=:p1

+(1− α)P (A0 | B0)︸ ︷︷ ︸
=:p0

φ4(1) = 0, φ4(0) = 1 A1 ∩B0 + A0 ∩B1 α(1− p1) + (1− α)(1− p0)

Table 2.1: Signal transmission

Assume that p1, p0 ≥ 0.5 and determine the optimal decoding rule.

B 2.41 Misclassifications in AI : Consider an artificial intelligence used for credit decisions.
There are three types of loans:

https://royalsocietypublishing.org/doi/10.1098/rstl.1763.0053
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• Positive (with a share of 50%),

• Borderline (with a share of 30%), and

• Negative.

The AI has an error probability that depends on the loan quality: if the loan is positive,
the error probability (loan is rejected) is 2%; if it is borderline, it is (loan is rejected) 12%;
and if it is negative, the AI has an error probability (loan is accepted) of 10%.

For example, we are interested in the overall error probability and use Theorem 2.34.
Hence,

P (A) =
3∑

i=1

P (A | Bi) · P (Bi) = 0,02 · 0,5 + 0,15 · 0,3 + 0,1 · 0,2 = 0,069; (2.42)

even though the AI is very accurate in the positive case, and this case makes up the largest
share at 50%, the worse results in the other cases spoil the overall balance.

Conversely, we are interested in the probability that a loan is truly negative given that it
was rated negative by the AI. Let N denote the event that the loan was rated negative.
Then

P (B3 | N) =
P (N | B3) · P (B3)

P (N | B1) · P (B1) + P (N | B2) · P (B2) + P (N | B3) · P (B3)

≈ 0.80, (2.43)

so the loan is actually negative with about 80% probability; that is, surprisingly many
good loans are rejected.

2.2 Conditional Expectation

Let B ∈ A with P (B) > 0. We then define the expectation conditional on B by

E[X | B] =
∑

x∈X(Ω)

x · P (X = x | B) =

∑
x∈X(Ω) x · P ({X = x} ∩B)

P (B)

=
E[X1B]

P (B)
.

This notion is often not sufficient. For a countable, pairwise disjoint decomposition (Bi)i∈I =
B we define the random variable E[X | B] by

E[X | B](ω) :=
∑

i∈I, P (Bi)>0

E[X | Bi]1Bi
(ω).

This random variable is called the conditional expectation of X given B. It has the
smallest distance to X (in the quadratic sense) among all random variables that are
constant on the sets Bi.
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Proposition 2.44. Let X be a random variable with E[X2] < ∞ and let B = (Bi)i∈I
be a pairwise disjoint partition of Ω. Set I∗ = {i ∈ I : P (Bi) > 0}. Then

E
[(

X −
∑
i∈I∗

ci1Bi

)2]
is minimized for ci =

E[X1Bi
]

P (Bi)
, i ∈ I∗.

Proof. Under the assumptions of the theorem we have

E
[
X
∑
i∈I∗

ci1Bi

]
=
∑
i∈I∗

ciE[X1Bi
]

=
∑
i∈I∗

ci
E[X1Bi

]

P (Bi)
· P (Bi)

= E
[∑
i∈I∗

ci1Bi

∑
j∈I∗

1Bj

E[X1Bj
]

P (Bj)

]
= E

[
E[X | B]

∑
i∈I∗

ci1Bi

]
.

Hence we obtain

E
[
(X − E[X | B])

∑
i∈I∗

ci1Bi

]
= 0. (2.45)

Since E[X | B] itself is of the form
∑

ci1Bi
, we also have

0 = E
[
(X − E[X | B]) ·

(
E[X | B]−

∑
i∈I∗

ci1Bi

)]
.

It follows that

E
[(

X −
∑
i∈I∗

ci1Bi

)2]
= E

[
(X − E[X | B])2

+ 2(X − E[X | B])
(
E[X | B]−

∑
i∈I∗

ci1Bi

)
+
(
E[X | B]−

∑
i∈I∗

ci1Bi

)2]
.

The middle term vanishes as noted above, and the claim follows.

Formula (2.45) shows that E[X | B] is the orthogonal projection of X onto the subspace
of functions of the form

∑
i∈I∗ ci1Bi

with respect to the inner product

⟨x, y⟩ =
∑

X(ω)Y (ω)P (ω)
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on the space of discrete random variables. One also sees that the constants ci outside of
I∗ can be modified arbitrarily: random variables can often be changed freely on sets of
probability zero without losing a given property (as in Theorem 2.44).

More generally, one can introduce a more effective notion of information (a σ-algebra)
instead of a partition, but this requires measure theory.

2.3 Independence

We now come to a truly important concept: independence. Although one usually has
some intuitive understanding of it, it is essential to understand the mathematically precise
definition and its implications in detail.

Definition 2.46. A family of events (Ai, i ∈ I) is called independent if for all finite
J ⊆ I it holds that

P
(⋂

j∈J

Aj

)
=
∏
j∈J

P (Aj).

Remark 2.47. (i) For two events with P (A), P (B) > 0 we obtain

A,B independent ⇐⇒ P (A ∩B) = P (A) · P (B)

⇐⇒ P (A | B) = P (A)

⇐⇒ P (B | A) = P (B).

(ii) Pairwise independence is strictly weaker. For example, for two coin tosses define

A = first toss is heads,
B = second toss is heads,
C = first and second toss are different.

Then the events are pairwise independent, but P (A ∩B ∩ C) = 0!

(iii) For A1, . . . , An it is not sufficient to merely require

P (A1 ∩ · · · ∩ An) =
n∏

i=1

P (Ai).

This is an exercise. Hint: for example, choose A1 = ∅, and Lemma 2.50 no longer
holds.

Lemma 2.48. Let the events (Ai)i∈I be independent. For each i, set Bi to be either
Ai or Ac

i . Then the events (Bi)i∈I are also independent.



22 2. The Concept of Probability

The idea is simple: if A and B are independent, then

P (A ∩Bc) = P (A)− P (A ∩B) = P (A) · (1− P (B)).

Proof. We have to show that for disjoint finite sets J,K it holds that

P
(⋂

j∈J

Aj ∩
⋂
k∈K

Ac
k

)
=
∏
j∈J

P (Aj)
∏
k∈K

(1− P (Ak)).

We use induction on k = |K|. For k = 0, the claim follows directly from independence.
Furthermore,

P
(⋂

j∈J

Aj ∩
⋂

k∈K\{i}

Ac
k ∩ Ac

i

)
= P

(⋂
j∈J

Aj ∩
⋂
k∈K

Ac
k

)
− P

( ⋂
j∈J∪{i}

Aj ∩
⋂

k∈K\{i}

Ac
k

)
=
∏
j∈J

P (Aj)
∏

k∈K\{i}

P (Ac
k) · (1− P (Ai)),

and the claim follows.

Definition 2.49. A family of discrete random variables (Xi : i ∈ I) is called inde-
pendent if the events (

{Xi = xi : i ∈ I}
)

are independent for every choice of the xi from the range of Xi.

Lemma 2.50. If X1, . . . , Xn are discrete and independent random variables, then

E
[ n∏

i=1

g(Xi)
]
=

n∏
i=1

E[g(Xi)].

Proof. We compute directly. Denote the range of X = (X1, . . . , Xn) by X(Ω). Then

E
[ n∏

i=1

g(Xi)
]
=

∑
x∈X(Ω)

n∏
i=1

g(xi)P (X1 = x1, . . . , Xn = xn)

=
∑

x∈X(Ω)

n∏
i=1

g(xi)P (Xi = xi)

=
n∏

i=1

E[g(Xi)],

and the proof is complete.
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2.3.1 A First Limit Theorem

Limit theorems will occupy a very central position in probability theory. We begin with a
simple example that reveals an interesting connection between the binomial distribution
and the Poisson distribution. Intuitively, it states that for a binomial distribution with
n → ∞, convergence to a Poisson distribution (which lives on N) occurs, provided that
the probabilities pn stabilize in an appropriate sense.

As our notion of convergence, we consider here convergence of distributions, that is, we
have a sequence of probability measures P n defined on a fixed sample space Ω (in this
case Ω = N) which converge pointwise, more precisely:

P n(ω) −→ P (ω), for all ω ∈ Ω.

One could also consider other notions of convergence (which ones?).

Proposition 2.51. The binomial distribution converges, for n → ∞ and p → 0 with
np → λ > 0, to a Poisson(λ) distribution. That is, for all k ∈ N0,(

n

k

)
pk(1− p)n−k −→ e−λλ

k

k!
.

Proof. We compute directly:(
n

k

)
pk(1− p)n−k =

1

k!
(np)k

(
1− np

n

)nn(n− 1) · · · (n− k + 1)

nk

1

(1− p)k

−→ 1

k!
λke−λ · 1 · 1,

and the claim follows.

The Poisson distribution also has the following interesting closure property: the sum of
two independent Poisson-distributed random variables is again Poisson-distributed. Such
properties make this class interesting on the one hand, and on the other hand extremely
useful for computations.

Lemma 2.52. Let X1 and X2 be independent and Poisson-distributed with parameters
λ1 and λ2, respectively. Then X1 +X2 is Poisson-distributed with parameter λ1 + λ2.
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Proof. Again we compute:

P (X1 +X2 = k) =
k∑

j=0

P (X1 = j) · P (X2 = k − j)

= e−(λ1+λ2)

k∑
j=0

λj
1

j!

λk−j
2

(k − j)!

= e−(λ1+λ2)
1

k!

k∑
j=0

(
k

k − j

)
λj
1λ

k−j
2

= e−(λ1+λ2)
(λ1 + λ2)

k

k!
.

Thus, indeed, the sum is Poisson-distributed with the desired parameter λ1 + λ2.



3. Continuous Models

In this chapter we take the step toward more complex models and leave the previously
familiar terrain of finite or countable sample spaces.

3.1 Densities and Probabilities in the Language of
Measures

We now use the axiomatic introduction of probability due to A. Kolmogorov.

Let Ω ̸= ∅ be a set and let A ⊂ P(Ω) be a family of subsets of Ω, together with a
mapping P : A → [0, 1].

Definition 3.1. (Ω,A , P ) is called a probability space if the following hold:

(i) A is a σ-algebra, i.e.

Ω ∈ A ,

A ∈ A ⇒ Ac ∈ A ,

A1, A2, . . . ∈ A ⇒
⋃

iAi ∈ A .

(ii) P is a probability measure, i.e.

P (Ω) = 1,

A1, A2, . . . ∈ A pairwise disjoint ⇒ P
(⋃∞

i=1Ai

)
=
∑∞

i=1 P (Ai).

The two properties of a probability measure have the following names. The first, P (Ω) =
1, is called the normalization of the measure P . It implies that P is a finite measure.
Note moreover that always P (·) ≥ 0; however, there also exist measures which may take
negative values (these are called signed measures).

The second property is called σ-additivity. Thus, a probability measure is a normalized,
nonnegative, and σ-additive function on the σ-algebra A .

B 3.2 Special case: discrete probability spaces: Every discrete probability space as intro-
duced in the previous chapter satisfies the conditions of Definition 3.1.

25
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B 3.3 Borel σ-algebra: Let Ω = [0, 1] and let A be the smallest σ-algebra containing every
interval [a, b] ⊆ [0, 1]. Then there exists exactly one probability measure P such that

P ([a, b]) = b− a.

Consequently, P ({a}) = 0 for all a ∈ [0, 1]. In particular, we no longer have

P (A) =
∑
ω∈A

P ({ω}),

since by Definition 3.1(ii) this identity holds only for countable sets A. ⋄

Excursus: Non-measurable sets. There are several classical examples of non-
measurable sets; one important class is provided by the Vitali theorem. Such sets are
constructed as equivalence classes as follows: consider again [0, 1] and define x ∼ y if
x−y ∈ Q. An equivalence class V is called a Vitali set and is non-measurable. Indeed,
together with V also q + V is measurable (this already requires some work to show),
and the union of all q + V with q ∈ [0, 1] ∩ Q equals the entire interval [0, 2]. These
are countably many sets whose Lebesgue measure is the same and would have to sum
up to 2, which is impossible.

B 3.4 Rolling a die: Let Ω = {1, . . . , 6} and consider the event A = {1, 3, 5}. The smallest σ-
algebra containing A is σ(A) = {∅,Ω, {1, 3, 5}, {2, 4, 6}}. Naturally, it contains the empty
set and Ω, as well as the complement of A.

Simple consequences:

• A1, A2, . . . ∈ A ⇒
⋂

iAi =
(⋃

i A
c
i

)c ∈ A .

• Let A∞ denote the event that infinitely many events Ai occur:

A∞ =
⋂
n

⋃
k≥n

Ak.

• Starting from a system of sets A0, we define

σ(A0) =
⋂

B⊇A0
B is a σ-algebra

B.

This is again a σ-algebra and hence the smallest σ-algebra containing A0. It
is called the σ-algebra generated by A0 (as in Example 3.3, where the Borel
σ-algebra is generated by intervals).

Note that the familiar calculation rules for finite probability spaces remain valid here as
well. Checking this carefully is a good exercise.
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A function P : A → [0, 1] is called additive if

P
( n⋃

i=1

Ai

)
=

n∑
i=1

P (Ai) for all n ∈ N and pairwise disjoint A1, . . . , An.

Proposition 3.5. Let P : A → [0, 1] be additive. Then the following statements are
equivalent:

(i) P is σ-additive.

(ii) A1 ⊂ A2 ⊂ . . . , An ∈ A ⇒ P
(⋃

nAn

)
= limn→∞ P (An).

(iii) A1 ⊃ A2 ⊃ . . . , An ∈ A ⇒ P
(⋂

nAn

)
= limn→∞ P (An).

Proof. (i)⇒(ii): Set B1 = A1 and Bn = An \ An−1 for n ≥ 2. Then (Bn) are pairwise
disjoint and

⋃
nBn =

⋃
nAn. By σ-additivity,

lim
n→∞

P (An) = lim
n→∞

P
( n⋃

i=1

Bi

)
= lim

n→∞

n∑
i=1

P (Bi) =
∞∑
i=1

P (Bi)

= P
( ∞⋃

i=1

Bi

)
= P

( ∞⋃
i=1

Ai

)
.

(ii)⇒(i): As above, we obtain P
(⋃∞

i=1 Bi

)
=
∑∞

i=1 P (Bi) for A1 = B1 and An = An−1 ∪
Bn.

(ii)⇔(iii): This follows directly by taking complements.

A 3.1 Independence: Using the properties of probability measures, we obtain automatically
that independence for finitely many events extends to countably many events by mono-
tonicity (which is why this need not be required in Definition 2.46). Show that if A1, A2, . . .
are independent, then

P
( ∞⋂

i=1

Ai

)
=

∞∏
i=1

P (Ai).

Corollary 3.6. For A1, A2, · · · ∈ A it holds that

P
( ∞⋃

k=1

Ak

)
≤

∞∑
k=1

P (Ak).

Proof: P
(⋃

k

Ak

)
= lim

n→∞
P
( n⋃

k=1

Ak

)
≤ lim

n→∞

n∑
k=1

P (Ak) =
∞∑
k=1

P (Ak)
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Lemma 3.7 (Borel–Cantelli). We define

A∞ =
∞⋂
n=1

⋃
k≥n

Ak = “infinitely many of the events Ai occur.”

(i) If
∑

k≥1 P (Ak) < ∞, then P (A∞) = 0.

(ii) If the (Ak) are independent, then
∑

k≥1 P (Ak) = ∞ implies P (A∞) = 1.

Proof:

(i) The sequence
(⋃

k≥nAk

)
n

is decreasing, hence the assumptions of condition (iii) in
Theorem 3.5 are satisfied. We obtain

P (A∞) = lim
n→∞

P
( ⋃

k≥n

Ak

) Cor. 3.6
≤ lim

n→∞

∑
k≥n

P (Ak) = 0.

(ii) Since the sequence
(⋂

k≤nA
c
k

)
n

is increasing, the assumptions of part (ii) of Theo-
rem 3.5 are satisfied and we obtain

P (Ac
∞) = P

(⋃
n

⋂
k≥n

Ac
k

)
= lim

n
P
( ⋂

k≥n

Ac
k

)
.

We have

P
( ∞⋂

k=n

Ac
k

)
=

∞∏
k=n

P (Ac
k) =

∞∏
k=n

(1− P (Ak)).

Since 1− x ≤ e−x, it follows (for all n—note that
∑

k≥n P (Ak) = ∞)

P
( ⋂

k≥n

Ac
k

)
≤ e−

∑
k≥n P (Ak) = 0.

B 3.8 Infinite repetitions: If we roll a die infinitely often, we may ask the following questions:

(i) I never roll a 6:

Ai = no 6 occurs in the first i throws.

We have A1 ⊇ A2 ⊇ . . . and P (Ai) = (5
6
)i. Hence,

P
(⋂

i

Ai

)
=
(5
6

)∞
= 0.

This holds, incidentally, for all q < 1! → apartment hunting in Freiburg :-)

(ii) Do I roll infinitely many 6s?
Here we define Bi = “a 6 occurs in the i-th throw”, with P (Bi) =

1
6
. Then

∞∑
i=1

P (Bi) = ∞ ⇒ YES!
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Definition 3.9. A real-valued random variable is a mapping

X : Ω → R,

such that X−1([a, b]) ∈ A for all a ≤ b in R.

This can also be defined more formally1. Define X−1(B) = {ω ∈ Ω : X(ω) ∈ B}. We
consider the real line R equipped with the Borel σ-algebra B = σ([a, b] : a, b ∈ R). In this
sense, a random variable is a measurable mapping, i.e.

X−1(B) ∈ A ∀B ∈ B.

Definition 3.10. The function defined by

F (x) = P (X ≤ x), x ∈ R

is called the distribution function of X. The function on B defined by

µ(B) := P (X ∈ B)

is called the distribution of X.

Proposition 3.11. Let F be a distribution function. Then:

(i) If a ≤ b, then F (a) ≤ F (b) (monotonicity)

(ii) F (a) = limε→0 F (a+ ε) (right-continuity)

(iii) lim
x→−∞

F (x) = 0, lim
x→∞

F (x) = 1 (normalization)

It follows that µ((a, b]) = F (b)− F (a) for a < b, and µ({a}) = F (a)− F (a−).

B 3.12 Discrete random variable: If X takes values in {0, 1, 2, . . . }, then

F (x) =
x∑

k=0

P (X = k), x = 0, 1, 2, . . . .

Thus, knowing the distribution function is equivalent to knowing all probabilities P (X =
k), k = 0, 1, 2, . . . .

1The Borel σ-algebra is discussed in more detail in Example 3.3 and Equation (3.19).
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Picture of a distribution function.

Since the distribution function F is monotone, we can define the generalized inverse

F−1(t) = inf{x : F (x) ≥ t}.

Lemma 3.13. We have: F−1 is nondecreasing and

(i) F−1(F (x)) ≤ x

(ii) F (F−1(t)) ≥ t

Proof: First note that {x : F (x) ≥ t} = [F−1(t),∞). Of course, the set on the left becomes
smaller as t increases, hence F−1 is nondecreasing.

(i) F−1(F (x)) = inf{y : F (y) ≥ F (x)}. For y = x we have F (y) ≥ F (x), so x belongs
to this set, and therefore inf{y : F (y) ≥ F (x)} ≤ x, which proves (i).

(ii) Conversely, F (F−1(t)) = P (X ≤ F−1(t)). Set y := F−1(t) = inf{x : P (X ≤ x) ≥ t}.
For ε > 0 it follows that F (y + ε) ≥ t. Since F is right-continuous (Theorem 3.11),
letting ε → 0 yields F (y) ≥ t, hence (ii).

We also obtain
P (X < F−1(t)) ≤ t ≤ P (X ≤ F−1(t)).

The value F−1(t) is also called the t-quantile of X (median → 50% quantile).

Definition 3.14. A random variable X is called absolutely continuous if there
exists a function f : R → R such that

(i) f(x) ≥ 0 for all x ∈ R

(ii)
∫
R
f(x) dx = 1

(iii) F (b) = P (X ≤ b) =

∫ b

−∞
f(x) dx for all b ∈ R

The function f is called the density of X.
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If f is continuous at x, then f(x) = F ′(x). If we are given a distribution function F (or
a distribution µ), we say that X has distribution F (or µ) if P (X ≤ x) = F (x) for x ∈ R
(respectively P (X ∈ B) = µ(B) for B ∈ B). We then write X ∼ F or X ∼ µ. The next
examples present a few standard distributions.

B 3.15 Uniform distribution: For the uniform distribution on [a, b] we write U(a, b). We set
f(x) = 1[a,b]

1
b−a

and obtain

F (x) =


0, x ≤ a,
x−a
b−a

, x ∈ (a, b),

1, x ≥ b.

B 3.16 Exponential distribution: For the exponential distribution we write Exp(λ). Let λ > 0
and f(x) = 1{x≥0}λe

−λx. The distribution function of the exponential distribution is

F (x) =

{
0, x ≤ 0,

1− e−λx, x > 0.

B 3.17 Normal distribution: For the normal distribution we write N (µ, σ2). Let µ ∈ R, σ > 0.
The density of the normal distribution is

f(x) =
1√
2πσ2

e−
(x−µ)2

2σ2 .

From this we obtain the distribution function:

Fµ,σ2(x) =

∫ x

−∞

1√
2πσ2

e−
(y−µ)2

2σ2 dy

=

∫ x−µ
σ

−∞

1√
2π

e−
z2

2 dz =: Φ
(x− µ

σ

)
.

Here, Φ denotes the distribution function of the standard normal distribution. ⋄

Lemma 3.18. If F is a distribution function and U ∼ U [0, 1], then

X := F−1(U)

has distribution function F (i.e. X is distributed according to F ).

Proof. First we show that
F−1(t) ≤ x ⇔ t ≤ F (x).

If F is strictly increasing, this is of course clear. In the more general case considered here we
need a bit more work: if F−1(t) ≤ x, then by monotonicity of F we have F (F−1(t)) ≤ F (x).
However, by Lemma 3.13 we also have F (F−1(t)) ≥ t, hence F (x) ≥ t.
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Conversely, if t ≤ F (x), then

F−1(t) ≤ F−1(F (x)) ≤ x,

where the last step again follows from Lemma 3.13.

Now assume U ∼ U [0, 1]. Then

P (X ≤ b) = P (F−1(U) ≤ b) = P (U ≤ F (b)) = F (b),

so indeed X ∼ F .

A few examples in R follow.

# Example 1 − Normal Ver t e i l ung

X=rnorm(1000)
hist (X, lwd=2)
l ines ( seq ( −4 ,4 ,by=0.1) , sqrt (2∗pi )∗180∗dnorm( seq ( −4 ,4 ,by=0.1)) , lwd=2)

Histogram of X

X

F
re

qu
en

cy

−3 −2 −1 0 1 2 3
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50

10
0

15
0

Figure 3.1: Dichte und Histogramm einer Standardnormalverteilung
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# Dichte , Ve r t e i l un g s f unk t i on F und Inver se der Ve r t e i l un g s f unk t i on
x=seq ( −4 ,4 ,by=0.1)
plot (x ,dnorm( x ) , yl im=c ( 0 , 1 ) , type=" l " , lwd=2)

# Dann d ie Stammfunktion , a l s o d i e Ve r t e i l un g s f unk t i on
l ines (x ,pnorm( x ) , col=2,lwd=2)

# Nun d ie Inver se der Ve r t e i l un g s f unk t i on
par (mfrow=c ( 1 , 2 ) ) ; x=seq ( −4 ,4 ,by=0.1)
plot (x ,dnorm( x ) , yl im=c ( 0 , 1 ) , type=" l " , lwd=2)
l ines (x ,pnorm( x ) , col=2,lwd=2)
plot ( seq (0 , 1 ,by=0.01) ,qnorm( seq (0 , 1 ,by=0.01)) , lwd=2, type=" l " )
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Figure 3.2: Dichte, Verteilungsfunktion einer Standardnormalverteilung (Links) und die
zugehörige Inverse (Rechts)
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# Die Transformation $F^{−1}(U)$
alpha=2; U=runif ( 1 0 0 ) ; X=−1/alpha∗log(1−U)
plot (U,X)
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Figure 3.3: Die Darstellung von U gegen F−1(U) für eine Exponentialverteilung.

# Histogramm − es f u n k t i o n i e r t !
hist (−1/alpha∗log ( runif ( 500 ) ) , main="Histogramm" )
l ines ( seq (0 , 3 ,by=0.01) ,dexp( seq (0 , 3 ,by=0.01) , r a t e=alpha )∗130 , col=2,lwd=2)
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3.1.1 Transformation of random variables

We define the Borel σ-algebra by

B(R) = B := σ([a, b], a < b ∈ R) = σ((a, b), a < b ∈ R) = σ((−∞, a], a ∈ R). (3.19)

The Borel σ-algebra is the smallest σ-algebra that contains all closed intervals. One can
easily show that it also contains all open intervals and all half-lines.

A function g : R → R is called measurable if it is B(R)–B(R) measurable, i.e. if

g−1(B) ∈ B(R) ∀B ∈ B(R).

If X is a random variable and g is measurable, then Y = g(X), defined by

Y (ω) = g(X(ω)),

is again a random variable (exercise). Its distribution function is

FY (b) = P (g(X) ≤ b) = P
(
X ∈ g−1((−∞, b])

)
.

B 3.20 Transformation: X2: Let g(x) = x2 and Y = g(X). Then

P (X2 ≤ b) = P (−
√
b ≤ X ≤

√
b) = FX(

√
b)− FX(−

√
b),

provided FX is continuous. (What if it is not?) If FX is even absolutely continuous with
density fX , then

fY (b) =
1

2
√
b

[
fX(

√
b) + fX(−

√
b)
]
.

B 3.21 Transformation: aX + b: Let g(x) = ax+ b and, as above, Y = g(X). Then

FY (x) = FX

(x− b

a

)
,

and, if FX is absolutely continuous,

fY (x) =
1

a
fX

(x− b

a

)
.

3.1.2 Expectation
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Definition 3.22. For X ≥ 0 the expectation of X is defined by

E[X] =

∫
Ω

X(ω) dP (ω) =

∫
R
xµ(dx) ∈ [0,∞).

The integrals are to be understood in the sense of measure theory2. One begins with
discrete random variables

X =
n∑

i=1

ci1Ai
with Ai.

(Then E[X] =
∑n

i=1 ciP (Ai), as is well known.)

Any nonnegative X can always be written as the limit of an increasing sequence (Xn) of
such random variables, and one sets E[X] = limnE[Xn].

For an arbitrary random variable X one defines

X+ = max(X, 0) and X− = max(−X, 0),

and sets E[X] = E[X+]−E[X−], provided not both sides are +∞. (In that case one may
also set E[X] = ∞.)

In all practical cases we can compute E[X] more directly: if X has density f , then

E[X] =

∫
xf(x) dx

(because µ(dx) = f(x) dx, i.e. dF (x) = f(x) dx).

Remark 3.23. The expectation inherits the following properties of the integral:
(1) Linearity E[aX + bY ] = aE[X] + bE[Y ]
(2) Monotonicity X ≤ Y ⇒ E[X] ≤ E[Y ]
(3) Monotone convergence X1 ≤ X2 ≤ · · · ⇒ E[lim

n
Xn] = lim

n
E[Xn]

(4) Dominated convergence if Xn(ω) → X(ω) for ω ∈ A with P (A) = 1 and
|Xn(ω)| ≤ X ′(ω) for all n with E[|X ′|] < ∞, then

E[lim
n

Xn] = lim
n

E[Xn]

(5) Transformation E[g(X)] =

∫
g(x)f(x) dx if X is absolutely contin-

uous.

Definition 3.24. We define the variance of X by

Var(X) = E[(X − E(X))2],

2Strictly speaking, one can even carry out this construction on Banach spaces. This integral is called
the Bochner integral.
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and the standard deviation by σ(X) =
√
Var(X), with the convention

√
∞ = ∞.

A 3.2 Variance: Show that

Var(aX + b) = a2Var(X), Var(X) = E[X2]− (E[X])2.

B 3.25 Expectations and variances for various distributions: We list these values for
the binomial distribution, the hypergeometric distribution, the Poisson distribution, the
geometric distribution, the uniform distribution, the exponential distribution, and the
normal distribution. The computations can be carried out as an exercise.

Distribution E[X] Var(X)

Bin(n, p) np np(1− p)

Hyp(n,N,K) nK
N

nK
N

(
1− K

N

)(
N−n
N−1

)
Poisson(λ) λ λ

Geom.(p) 1
p

1−p
p2

Uniform[a, b] a+b
2

(b−a)2

12

Exp(α) 1
α

1
α2

N (µ, σ2) µ σ2

B 3.26 Poisson distribution: As an example we compute the expectation of a Poisson distri-
bution. Let X ∼ Poisson(λ). Then

E[X] =
∑
k≥0

kP (X = k)

=
∑
k≥0

ke−λλ
k

k!
= λ

∑
k≥1

e−λ λk−1

(k − 1)!
= λ.

B 3.27 Exponential distribution: And for an exponential distribution: let X ∼ Exp(λ). Then

E[X] =

∫ ∞

−∞
xf(x) dx

=

∫ ∞

0

xλe−λx dx = x(−e−λx)
∣∣∞
0︸ ︷︷ ︸

=0

+

∫ ∞

0

e−λx dx

= −1

λ
e−λx

∣∣∞
0

=
1

λ
.
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B 3.28 Uniform distribution: Finally we compute the variance of a standard uniform distri-
bution. Let X ∼ U [0, 1]. Then

E[X2] =

∫ 1

0

x2 dx =
1

3
x3
∣∣1
0
=

1

3
,

E[X] =

∫ 1

0

x dx =
1

2

and hence

Var(X) =
1

3
−
(1
2

)2
=

4

12
− 3

12
=

1

12
.

3.1.3 Inequalities

For a nonlinear function, in general,

E[g(X)] ̸= g(E[X]).

For convex (concave) g, one at least has an inequality.

Proposition 3.29 (Jensen’s inequality). Let X be a random variable with E[|X|] < ∞
and let g be convex. Then

E[g(X)] ≥ g(E[X]).

Proof. A real-valued function is called convex if for Sei x → ℓ(x) the supporting line of g
at x0 = E[X]. Then

g(E[X]) = ℓ(E[X])

= E[ℓ(X)] (linearity)
≤ E[g(X)] (monotonicity)

g(x) ≥ ℓ(x)

ℓ

x0

Proposition 3.30 (Generalized Chebyshev inequality). Let the function g ≥ 0 be
nondecreasing. Then for every c with g(c) > 0 we have

P (X ≥ c) ≤ E[g(X)]

g(c)
.

Proof. First note that for any c with g(c) > 0,

1{x≥c} ≤
g(x)

g(c)
∀x ∈ R.
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By monotonicity of the expectation we obtain

P (X ≥ c) = E[1{X≥c}] ≤ E

[
g(X)

g(c)

]
,

and the proof is complete.

As special cases we obtain two important inequalities.

B 3.31 Markov’s inequality : Applying g(x) = x+ = max(x, 0) to Y = |X|, we obtain for all
c > 0 Markov’s inequality:

P (|X| > c) ≤ E[|X|]
c

.

In particular, if E[|X|] = 0, then

P (X = 0) = P
( ∞⋂

n=1

{
|X| ≤ 1

n

})
=
↑

σ-continuity

lim
n

P
(
|X| ≤ 1

n

)
= 1.

B 3.32 Chebyshev’s inequality : Consider Y = |X−E[X]| with g(x) = (x+)2. Then the famous
Chebyshev inequality follows:

P (|X − E[X]| > c) ≤ Var(X)

c2
. (3.33)

In particular, if Var(X) = 0, then X is almost surely constant.



4. Convergence of random variables

An important tool in statistics is to let the sample size tend to infinity. It will turn out that
this trick allows us to control randomness very precisely and to make sharp statements.
The key tools are the following limit theorems.

4.1 The laws of large numbers

We consider a fixed probability space (Ω,A , P ). First of all, random variables are func-
tions. It is natural to apply the familiar notion of pointwise convergence of functions, i.e.
the sequence (Xn) converges to X if

lim
n→∞

Xn(ω) = X(ω)

for all ω ∈ Ω. The following example shows that this notion is too strong.

B 4.1 Convergence for coin tosses: If we have independent and identically distributed
(i.i.d.) coin tosses (Xn), we expect that 1

n

∑
Xn → 1

2
. However, if we toss only heads

(Xn(ω) = 1, ω ∈ Ω), then 1
n

∑
Xn(ω) = 1. The same happens if we toss tails only

finitely many times. But these events have probability zero, which motivates the following
notion of convergence, “almost sure.”

Definition 4.2. For random variables Z,Z1, Z2, . . . we define:

(i) convergence in probability Zn
P→ Z, if P (|Zn − Z| > ε) → 0 for all ε > 0

(ii) almost sure convergence Zn → Z a.s., if

P ({ω ∈ Ω : limZn(ω) = Z(ω)}) = 1.

Proposition 4.3. The following statements hold:

(i) Almost sure convergence implies convergence in probability.

(ii) If
∑
n

P (|Zn − Z| > ε) < ∞ ∀ε > 0, then Zn → Z almost surely.

We obtain:

40
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Corollary 4.4. If Zn
P→ Z, then there exists a subsequence Zn(j) which converges to

Z almost surely.

Proof. Choose n(j) such that P
(
|Zn(j) − Z| ≥ 1

j

)
≤ 1

j2
. The claim follows from part (ii)

of the previous theorem.

Proof of Theorem 4.3. Part (i): First observe that

1 = P ( lim
n→∞

Zn = Z) = P
(⋂

ε>0

⋃
n≥1

⋂
k≥n

{|Zk − Z| ≤ ε}
)
. (4.5)

The sets
⋂

k≥n{|Zk − Z| ≤ ε} are increasing in n and in ε, which we now exploit. By
σ-continuity of P (Theorem 3.5), (4.5) is equivalent to

1 = P
( ⋃

n≥1

⋂
k≥n

{|Zk − Z| ≤ ε}
)

(4.6)

for all1 ε > 0. A second application of σ-continuity yields that (4.5) is equivalent to

lim
n→∞

P
( ⋂

k≥n

{|Zk − Z| ≤ ε}
)
= 1 ∀ε > 0.

Hence,

0 = lim
n→∞

P
( ⋃

k≥n

{|Zk − Z| > ε}
)
≥ lim

n
P (|Zn − Z| > ε),

which is precisely convergence in probability.

Part (ii): For fixed ε > 0, Borel–Cantelli (Lemma 3.7) implies

∞∑
n=1

P (|Zn − Z| > ε) < ∞ ⇒ P
( ⋂

n≥1

⋃
k≥n

{|Zk − Z| > ε}
)
= 0.

The complement is

P
( ⋃

n≥1

⋂
k≥n

{|Zk − Z| ≤ ε}
)
= 1.

Since ε was arbitrary, the equivalence (4.6) yields almost sure convergence.
1Indeed: If 1 = P (∩ε>0Aε) and Aε ⊃ Aε′ for ε > ε′, then 1 = P (∩n≥1An−1) = limn P (An−1). Since
limn P (An−1) ≤ P (An′−1) for all n′ ≥ 1, it follows that 1 = P (An−1) for all n ≥ 1, and hence
1 = P (Aε) for all ε > 0.
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B 4.7 Convergence in probability does not imply almost sure convergence: Consider
Borel sets (An) under the uniform distribution on [0, 1] and the sequence of random
variables (1An). This sequence converges in probability to 0 if and only if P (An) → 0.
Indeed, for 0 < ε < 1 we have P (1An > ε) = P (An).

For a counterexample, consider the intervals

Xn,j =
[j − 1

n
,
j

n

]
, 1 ≤ j ≤ n,

and construct a sequence (Yn) of random variables by, starting with n = 1, first fixing
n and running through all j = 1, . . . , n, then increasing n by one, and so on. By the
remark above, this sequence converges in probability to 0. However, lim supYn = 1 and
lim inf Yn = 0, so almost sure convergence cannot hold. If one chooses the subsequence
(Xn,1), one even obtains almost sure convergence.

This example illustrates the difference between the two modes of convergence very
clearly: For almost sure convergence, each Xn (except on a set of ω’s of probability
zero—this is what we call “almost surely”) converges, meaning that in every neigh-
borhood of the limit, all sufficiently large n lie entirely inside that neighborhood. For
convergence in probability, it is allowed that the Xn keep jumping out of the neigh-
borhood, but with probabilities that tend to zero.

Lemma 4.8. Let X1, . . . , Xn be independent with E[X2
i ] < ∞. Then

Var
( n∑

i=1

Xi

)
=

n∑
i=1

Var(Xi). (4.9)

Proof. By induction it suffices to show that

Var(X + Y ) = E[(X − E[X] + Y − E[Y ])2]

= E[(X − E[X])2] + E[(Y − E[Y ])2] + 2E[(X − E[X])(Y − E[Y ])]

= Var(X) + Var(Y ),

since E[(X − E[X])(Y − E[Y ])] = 0 by independence.

Proposition 4.10 (Weak law of large numbers). Let X1, X2, . . . be independent and
identically distributed with Var(Xi) < ∞. Then

1

n

n∑
i=1

Xi
P→ E[X1].
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Proof. By Chebyshev’s inequality,

P
(∣∣∣ 1

n

n∑
i=1

Xi − E[X1]
∣∣∣ > ε

)
≤

Var( 1
n

∑
Xi)

ε2
=

∑n
i=1Var(Xi)

n2 · ε2
=

Var(X1)

n · ε2
→ 0, (4.11)

and the claim follows.

The weak law of large numbers is one of our first major results and has a long history.
It was first proved by Jacob Bernoulli in his famous book Ars Conjectandi (1713).
The term “law of large numbers” is due to Siméon Poisson, who called it la loi des
grands nombres ; today one often simply writes LLN (laws of large numbers). These
laws had been suspected earlier—for instance by Cardano, but also by Kepler.

This is also the birth hour of the word “stochastics”a, which Jacob Bernoulli intro-
duced. A nice presentation of Bernoulli’s calculations and their interpretation in terms
of modern bounds can be found in Bolthausen and Wüthrich (2013).
aSee the text in the appendix—Section 1.1.

Remark 4.12. For the central formula (4.9) one does not strictly need the (Xi) to be
independent; it suffices that they are uncorrelated, i.e. that E[(Xi−E[Xi])(Xj−E[Xj])] = 0
for all i ̸= j. Thus the weak law of large numbers already holds for uncorrelated and
identically distributed (Xi) with

∑n
i=1 Var(Xi) = o(n2).

B 4.13 The Weierstrass approximation theorem: As an application of the law of large num-
bers we prove this important theorem—polynomials are dense in the set of continuous
functions on compact sets: We consider the interval [0, 1] and the continuous functions
C[0, 1], equipped with the supremum norm ∥f ∥∞= supx∈[0,1] |f(x)|. The Bernstein poly-
nomials are defined by

Bn,k(x) =

(
n

k

)
xk(1− x)n−k, x ∈ [0, 1], k = 0, . . . , n. (4.14)

The approximation of a continuous function f by Bernstein polynomials is given by

Bf
n(x) =

n∑
k=0

f
(k
n

)
Bn,k(x).

One can view Bf
n(x) as E[f(Sn/n)], where Sn is the sum of i.i.d. Bernoulli variables with

success parameter x ∈ (0, 1) (see (2.23)). The law of large numbers then yields Sn/n → x.
More precisely, Jensen’s inequality gives

∥ Bf
n(x)− f(x) ∥∞ =

∥∥E[f(Sn/n)]− f(x)
∥∥
∞

≤ E
[
∥ f(Sn/n)− f(x) ∥∞

]
. (4.15)
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In the next step we use the (in fact uniform!) continuity and split the supremum into the
cases |u− v| ≤ δ and |u− v| > δ:

(4.15) = E
[
1{|Sn/n−x|≤δ} ∥ f(Sn/n)− f(x) ∥∞

]
+ E

[
1{|Sn/n−x|>δ} ∥ f(Sn/n)− f(x) ∥∞

]
≤ sup

|u−v|≤δ

|f(u)− f(v)| · P (|Sn/n− x| ≤ δ) + 2 ∥ f ∥∞ ·P (|Sn/n− x| > δ).

By uniform continuity of f , for each ε > 0 we can find δ > 0 such that sup|u−v|≤δ |f(u)−
f(v)| ≤ ε (and hence the entire first term). The weak law of large numbers yields, for
each ε′ > 0, an n0 such that for all n ≥ n0, P (|Sn/n − x| > δ) ≤ ε′. Since ε and ε′ were
arbitrary, it follows that ∥ Bf

n(x)− f(x) ∥∞→ 0 as n → ∞.

Do we perhaps also obtain almost sure convergence? Under the assumption that second
moments exist, the following statement follows directly.

Proposition 4.16 (Strong law of large numbers). Let X1, X2, . . . be independent and
identically distributed with Var(Xi) < ∞. Then

1

n

n∑
i=1

Xi −→ E[X1] a.s.

Proof. Without loss of generality we may assume that X ≥ 0 (decompose X = X+ −
X− and prove the statements separately). This yields an important monotonicity in
Sn =

∑n
i=1Xi. First, (4.11) together with Theorem 4.3 (ii) implies that the subsequence

Sn2/(n2) converges almost surely to E[X1].

For the remaining k with n2 < k < (n + 1)2 we obtain the following upper and lower
bounds: Since Sk ≥ Sn2 , it follows that

Sk

k
≥ Sn2

(n+ 1)2
=

n2

(n+ 1)2
Sn2

n2
,

and
Sk

k
≤

S(n+1)2

n2
=

S(n+1)2

(n+ 1)2
(n+ 1)2

n2
.

Both the upper and the lower bound converge almost surely (by the observation above)
to E[X1], and the claim follows.

A necessary and sufficient condition for the strong law of large numbers in this form is
merely the assumption E[|X1|] < ∞, which was proved by Kolmogorov (see Strong law of
large numbers (2011), Kolmogorov (1930)). This final step is proved very nicely in Etemadi
(1981):
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Proposition 4.17 (Strong law of large numbers). Let X1, X2, . . . be independent and
identically distributed with E[|X1|] < ∞. Then

1

n

n∑
i=1

Xi −→ E[X1] a.s.

We will study the proof of this result in detail in our next lecture, Probability Theory.
The powerful tools needed for it will also be presented and developed there. Already now
one wonders what happens if the assumption E[|X1|] < ∞ no longer holds—for instance
for a Cauchy distribution. Then the variation of the random variables is so large that
the mean becomes too sensitive to extreme deviations and no longer converges. One must
either truncate the mean above and below, or use the median—the middle value of the
data. Indeed, under minimal assumptions convergence of the median is guaranteed (see
e.g. Rüschendorf (1988)). Using the median or the ranks of the data is a central concept
of nonparametric and robust statistics. This topic is particularly interesting for students,
since working with ranks essentially uses combinatorial methods. We will also cover this
topic in the summer term lecture (Statistics).
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4.2 The Central Limit Theorem

So far we have been mainly interested in the convergence of random variables, for exam-
ple convergence of the arithmetic mean to the expectation. In this chapter we are instead
interested in the fluctuations around the limit. To this end one rescales with a differ-
ent sequence and obtains a new type of convergence, convergence in distribution (weak
convergence). We have already encountered a first example in Section 2.3.1.

A key point in the strong law of large numbers is that the variance vanishes as n → ∞. We
now consider, however, sequences of random variables for which expectation and variance
remain constant (0 and 1, respectively—so-called standardized random variables). This is
the case, for instance, for

S∗
n =

Sn − E[Sn]√
Var(Sn)

=
Sn − nE[X1]√

nVar(X1)
, (4.18)

where the last equality assumes identical distribution and independence and, as above,
Sn =

∑n
i=1 Xi.

If we look at the distributions of random variables themselves, these are probability mea-
sures on R equipped with the Borel σ-algebra B, see Definition 3.10.

Definition 4.19. Let µ and µ1, µ2, . . . be probability distributions on (R,B). We say
that µn converges weakly to µ if ∫

f dµn →
∫

f dµ,

for all functions f : R → R which are continuous and bounded.

For a random variable X we write FX for the distribution of X. This leads to the following
definition:

Definition 4.20. Let X,X1, X2, . . . be random variables. We say that (Xn) converges
in distribution to X if FXn converges weakly to FX .

We write Xn
L−→ X for convergence in distribution. Combining the two statements above

shows that this is equivalent to

E[f(Xn)] → E[f(X)]

for all f ∈ Cb(R) (all continuous and bounded functions on R).
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B 4.21 A normal distribution converges to a Dirac measure: The distribution µn =
N (c, 1

n
), i.e. normal distributions with mean c and variances 1/n, converges to the distri-

bution µ concentrated at c (the so-called Dirac measure, characterized by µ({c}) = 1). If
µc,σ2 = N (c, σ2), then with the substitution y = σ−1(x− c) we obtain∫

f(x) dµc,σ2 =

∫
f(x)

1√
2πσ2

e−
1
2
(x−c

σ
)2 dx =

∫
f(c+ σy)

1√
2π

e−
y2

2 dy.

Moreover, ∫
f(x) dµ = f(c) = f(c)

∫
1√
2π

e−
y2

2 dy.

Hence ∫
f(x) dµn −

∫
f(x) dµ =

1√
2π

∫ (
f(c+ n−1/2y)− f(c)

)
e−

y2

2 dy.

By the Lebesgue dominated convergence theorem this expression converges to 0 as n → ∞.

Now consider the distribution functions: the distribution function belonging to µn is
Fn(x) = Φ(

√
n(x − c)), while that of µ is F (x) = 1{x≥c}. Thus for x < c we have

Fn(x) → 0 = F (x) and for x > c we have Fn(x) → 1 = F (x), but not for x = c, since
Fn(c) = 1/2 whereas F (c) = 1. ⋄

We write C∞
b (R) for the smooth and bounded functions on R with bounded derivatives.

A distribution µ has distribution function F given by F (x) = µ((−∞, x]).

Lemma 4.22. Let µ, µ1, µ2, . . . be probability distributions on (R,B) with distribution
functions F, F1, F2, . . . . Then the following are equivalent:

(i) (µn) converges weakly to µ,

(ii) Fn(x) converges to F (x) for every continuity point x of F ,

(iii)
∫
f dµn →

∫
f dµ for all f ∈ C∞

b (R).

Proof. The implication (i)⇒(iii) follows immediately from Definition 4.19.

We show (iii)⇒(ii): pick two points x and x + δ and use that F (x) =
∫
1(−∞,x] dµ. We

only need to approximate indicator functions by some f ∈ C∞
b (R) and take limits.

Choose f ∈ C∞
b (R) such that2

1(−∞,x] ≤ f ≤ 1(−∞,x+δ].

2Indeed, smooth functions are dense in Lp, so such a function can always be found; see e.g. Chapter
18.2 in Schröder (2007). The (continuous) derivatives of these functions vanish outside [x, x+ δ] and
are therefore bounded as well.
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Then

Fn(x) =

∫
1(−∞,x] dµn ≤

∫
f dµn,

F (x+ δ) =

∫
1(−∞,x+δ] dµ ≥

∫
f dµ.

By assumption, since f ∈ C∞
b (R), we have

∫
f dµn →

∫
f dµ. Taking limits yields

lim sup
n→∞

Fn(x) ≤ lim
n→∞

∫
f dµn =

∫
f dµ ≤ F (x+ δ).

Repeating the argument analogously for x− δ and x with some f̃ ∈ C∞
b (R) gives

lim inf
n→∞

Fn(x) ≥ lim
n→∞

∫
f̃ dµn =

∫
f̃ dµ ≥ F (x− δ).

If F is continuous at x, then letting δ → 0 implies

F (x) ≤ lim inf
n→∞

Fn(x) ≤ lim sup
n→∞

Fn(x) ≤ F (x),

hence all inequalities are equalities and (ii) follows.

Finally we show (ii)⇒(i). The idea is to approximate a function f ∈ Cb(R) at sufficiently
many continuity points of F . First note that a distribution function, being increasing and
bounded between 0 and 1, can have only countably many jumps (in fact, for each k it has
only finitely many jumps with height in (2−k, 2−(k+1)]).

Fix f ∈ Cb(R) and ε > 0. The approximation will take place on a compact interval, and
we first choose a suitable one. We can find an interval [a, b] with µ([a, b]) > 1 − ε (this
follows because distribution functions tend to 0 and 1 as x → −∞ and x → ∞). Since
F has only countably many discontinuity points, we can choose a and b to be continuity
points.

Moreover there exists n0 such that for all n ≥ n0 the Fn are arbitrarily close to F ; hence
we can also find an interval (again choosing the endpoints as continuity points) such that

inf
n≥n0

µn([a, b]) > 1− ε.

For the remaining finitely many indices we find such an interval as well, and taking a
union yields continuity points a and b of F such that

inf
n
µn([a, b]) > 1− ε, µ([a, b]) > 1− ε.

On this interval we now approximate f . Since f is uniformly continuous on [a, b], there
exists δ > 0 such that |f(x)− f(y)| < ε for all a ≤ x, y ≤ b with |x− y| < δ.

Now choose m large enough and continuity points (xi) (of F ) with

a = x0 < x1 < · · · < xm = b and |xi − xi−1| < δ.
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Define the approximation

fm(x) =
m∑
i=1

f(xi−1)1(xi−1,xi].

Then for x ∈ [a, b] we have |f(x) − fm(x)| ≤ ε. For x /∈ [a, b] we have |f(x) − fm(x)| =
|f(x)| ≤ supx |f(x)|. Hence∣∣∣ ∫ (f − fm) dµn

∣∣∣ ≤ ∣∣∣ ∫ b

a

(f − fm) dµn

∣∣∣+ µn([a, b])

≤ ε+ ε sup
x

|f(x)| = ε
(
1 + sup

x
|f(x)|

)
.

The same bound holds if we replace µn by µ. Since the (xi) are continuity points, assump-
tion (ii) implies∫

fm dµn =
m∑
i=1

f(xi−1)
(
Fn(xi)− Fn(xi−1)

)
−−−→
n→∞

∫
fm dµ.

Thus for n large enough we have
∣∣ ∫ fm dµn −

∫
fm dµ

∣∣ ≤ ε. Putting everything together,∣∣∣ ∫ f dµn −
∫

f dµ
∣∣∣ ≤ ∣∣∣ ∫ (f − fm) dµn

∣∣∣+ ∣∣∣ ∫ fm dµn −
∫

fm dµ
∣∣∣+ ∣∣∣ ∫ (f − fm) dµ

∣∣∣
≤ ε
(
3 + 2 sup

x
|f(x)|

)
.

Since ε was arbitrary, the claim follows.

We are now in a position to state and prove the central limit theorem.

Proposition 4.23. Let (Xi)i≥1 be i.i.d. with Var(Xi) < ∞. Then S∗
n converges in

distribution to a standard normal distribution.

Recall that S∗
n was introduced in (4.18). In what follows we set m = E[X1] and σ2 =

Var(X1). Then the statement of the theorem is that for all x ∈ R,

lim
n→∞

P

(
1√
n

n∑
i=1

Xi −m

σ
≤ x

)
= Φ(x).

We prove this theorem with the help of a much more general result about so-called tri-
angular arrays. Condition (iii) is the famous Lindeberg condition; it goes back to the
paper Lindeberg (1922). For the following theorem we use (4.18) with Sn =

∑n
i=1Xi,n

(for simplicity using the same notation).
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Proposition 4.24 (Lindeberg). Let (Xn,i)1≤i≤n, n∈N be random variables such that

(i) for each n, the variables Xn,1, . . . , Xn,n are independent,

(ii) for all n, i we have E[Xn,i] = 0, Var(Xn,i) < ∞, and for each n,
∑n

i=1Var(Xn,i) =
1,

(iii) for all ε > 0,

lim
n→∞

n∑
i=1

E
(
X2

n,i 1{|Xn,i|>ε}
)
= 0.

Then S∗
n converges in distribution to a standard normal distribution.

The proof uses, going back to Lindeberg, a clever successive replacement of the Xn,i by
independent normal random variables Yn,i with the same moments. Define

Zn,i = Xn,1 + · · ·+Xn,i−1 + Yn,i+1 + · · ·+ Yn,n, (4.25)

then

f
( n∑

i=1

Xn,i

)
− f

( n∑
i=1

Yn,i

)
=

n∑
i=1

[
f(Zn,i +Xn,i)− f(Zn,i + Yn,i)

]
, (4.26)

and we can focus on the simpler terms

f(Zn,i +Xn,i)− f(Zn,i + Yn,i).

To handle them we use a suitable Taylor expansion of f .

Lemma 4.27. For f ∈ C3
b (R) and every ε > 0 we have

|f(z + x)− f(z)− f ′(z)x− 1

2
f ′′(z)x2| ≤ const · |x|3, (4.28)

|f(z + x)− f(z)− f ′(z)x− 1

2
f ′′(z)x2| ≤ const ·

(
εx2 + x21{|x|>ε}

)
. (4.29)

Proof. We apply Taylor’s formula in different ways. A third-order Taylor expansion gives

|f(z + x)− f(z)− f ′(z)x− 1

2
f ′′(z)x2| ≤

∣∣∣1
6
f ′′′(z + θx) x3

∣∣∣
for some θ ∈ [0, 1]. Since f ′′′ is bounded, this yields (4.28).

Alternatively, a second-order expansion implies

|f(z + x)− f(z)− f ′(z)x− 1

2
f ′′(z)x2| ≤ 1

2

∣∣f ′′(z + θx)− f ′′(z)
∣∣x2,
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again for some θ ∈ [0, 1]. Boundedness of the second derivative gives an upper bound of
the form const · x2. Combining both estimates yields

1{|x|≤ε}|x|3 + 1{|x|>ε}x
2

as an upper bound. Finally,
1{|x|≤ε}|x|3 ≤ εx2,

which gives (4.29).

Set
σ2
n,i = Var(Xn,i).

Remark 4.30 (The Lindeberg condition). Condition (iii) in Theorem 4.24 forces the Xn,i

to become arbitrarily small, because for every ε > 0,

max
i

σ2
n,i ≤ max

i

(
ε2 + E[X2

n,i1{|Xn,i|>ε}]
)
≤ ε2 +

n∑
i=1

E[X2
n,i1{|Xn,i|>ε}]. (4.31)

Thus (iii) implies max1≤i≤n σ
2
n,i → 0 as n → ∞.

We also use a further property of the normal distribution.

A 4.1 Third absolute moment of the normal distribution: Show that for X ∼ N (0, 1)
we have

E[|X|3] =
√

8

π
.

Proof of Theorem 4.24. We use the notation σ2
n,i = Var(Xn,i) = E[X2

n,i] and apply Lemma
4.22(iii). Let f ∈ C∞

b (R). As indicated above, choose Yn,i such that for each n the collection

Yn,1, . . . , Yn,n, Xn,1, . . . , Xn,n

is independent and Yn,i ∼ N (0, σ2
n,i). Define (Zn,i) as in (4.25). A Taylor expansion of f

around Zn,i yields

f(Zn,i +Xn,i)− f(Zn,i + Yn,i) = f ′(Zn,i)(Xn,i − Yn,i) +
1

2
f ′′(Zn,i)(X

2
n,i − Y 2

n,i)

+R(Zn,i, Xn,i)−R(Zn,i, Yn,i).

Hence∣∣E[f(Zn,i +Xn,i)]− E[f(Zn,i + Yn,i)]
∣∣

≤
∣∣E[f ′(Zn,i)(Xn,i − Yn,i)

]∣∣+ 1

2

∣∣E[f ′′(Zn,i)(X
2
n,i − Y 2

n,i)
]∣∣

+ E
[
|R(Zn,i, Xn,i)|

]
+ E

[
|R(Zn,i, Yn,i)|

]
=: (1) + (2) + (3) + (4).
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By independence and Lemma 4.27 we obtain

(1) ≤ const ·
∣∣E[Xn,i]− E[Yn,i]

∣∣ = 0,

(2) ≤ const ·
∣∣E[X2

n,i]− E[Y 2
n,i]
∣∣ = 0,

(3) ≤ const ·
(
εσ2

n,i + E[X2
n,i1{|Xn,i|>ε}]

)
,

(4) ≤ const · E[|Yn,i|3] = const ·
√

8

π
σ3
n,i.

Summing and using (4.26) yields

∣∣∣E[f( n∑
i=1

Xn,i

)
− f

( n∑
i=1

Yn,i

)]∣∣∣
≤ const ·

(
ε

n∑
i=1

σ2
n,i +

n∑
i=1

E[X2
n,i1{|Xn,i|>ε}] + max

i
σn,i ·

n∑
i=1

σ2
n,i

)
.

Since
∑n

i=1 σ
2
n,i = 1, condition (iii) holds, and maxi σn,i → 0 by (4.31), this bound con-

verges to const · ε as n → ∞, and the claim follows.

B 4.32 Convergence of the median: The median is an alternative estimator for the mean
which, in particular, exhibits robust behavior in the presence of outliers (in contrast, for
example, to the arithmetic mean). Moreover, it plays an important role in nonparametric
statistics. Using Lindeberg’s theorem we can also derive an asymptotic result for the
sample median.

The median of a distribution function F is F−1(1/2). If F is constant in a neighborhood
of this point, then there are several ways to define the median, for instance by averaging
the two neighboring values. We consider X1, X2, . . . i.i.d. ∼ F with median M = 0 and
assume that F ′(0) > 0.

We introduce the sample median as an estimator of the median as follows: we sort
X1, . . . , Xn in increasing order and denote the order statistics by

X1:n ≤ · · · ≤ Xn:n.

The sample median is defined by
Zn = Xk:n

with3 k = ⌊n/2+1⌋. We now show that
√
nZn converges in distribution to N (0, 1

4(F ′(0))2
).

Fix x ∈ R and set Yn,i = 1{Xi>x/
√
n}. Then

√
nZn ≤ x ⇔ Xk:n ≤ x√

n
⇔

n∑
i=1

Yn,i ≤ n− k. (4.33)

3Here ⌊x⌋ denotes the integer part of x.
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Let pn = E[Yn,i] = 1−F (x/√n). Then Var(Yn,i) = pn(1−pn). We standardize and consider

Xn,i =
Yn,i − pn√
n pn(1− pn)

. (4.34)

As above let Sn =
∑n

i=1Xn,i. From (4.33) and (4.34) it follows that

√
nZn ≤ x ⇔ Sn ≤ n− k − npn√

npn(1− pn)
=: an.

Since F (0) = F (m) = F (F−1(1/2)) = 1/2 (and because F ′(0) > 0, F is invertible in a
neighborhood of 0), and since F (x/√n) = F (0) + F ′(0)x/√n +O(n−1), we obtain

an =
1√

pn(1− pn)

(n− k√
n

−
√
npn

)
≈ 2 ·

(√n

2
−
√
n
1

2
+ F ′(0)x

)
→ 2F ′(0)x.

Thus, for any fixed δ > 0 and all sufficiently large n,

P (Sn ≤ 2F ′(0)x− δ) ≤ P (Sn ≤ an) = P (
√
nZn ≤ x) ≤ P (Sn ≤ 2F ′(0)x+ δ).

The central limit theorem, Theorem 4.24, now implies that

P (Sn ≤ 2F ′(0)x± δ) → Φ(2F ′(0)x± δ),

and the claim follows since δ was arbitrary.

4.3 A short excursion into mathematical finance

As a particularly interesting application, we briefly discuss a chapter from mathematical
finance which, after a few more steps, leads to the Black–Scholes formula4 (awarded with
a Nobel Prize), although we will not quite get all the way there here.

We start with a short motivation. Consider an index with value S0 = 16,000. You would
like to bet on rising prices and are considering buying a call option with strike K = 16,500.
As an underlying model you consider two future scenarios: the price rises to 17,000 or
falls to 15,000. You assign (subjectively, or based on statistical methods) the probabilities
1/3 and 2/3. This leads to the following model:

S1(ω) =

{
17,000, ω = ω1,

15,000, ω = ω2,

where S1 is the value of the random stock price at time 1.

4See Black and Scholes (1973) and https://www.nobelprize.org/prizes/economic-sciences/1997/
press-release/.

https://www.nobelprize.org/prizes/economic-sciences/1997/press-release/
https://www.nobelprize.org/prizes/economic-sciences/1997/press-release/
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The payoff of the call at time 1 is C1 := (S1 −K)+ = max{S1 −K, 0}, i.e.

C1(ω) =

{
500, ω = ω1,

0, ω = ω2.

How much would you be willing to pay for this derivative?

A survey among the course participants yields several quotes around 167. So let us take
an asking price of 167. As a clever market participant, I buy the call and simultaneously
short-sell 0.25 shares (why exactly 0.25??); I deposit the remaining amount in the bank
account. This gives the following cash-flow calculation:

Buy call −167
Proceeds from short sale of stock 4,000
Deposit remaining cash in bank account −3,833

Everything balances: total expenditures at t = 0 are 0.

At time 1 there are two possibilities. Suppose we observe ω1 (so S1(ω1) = 17,000). Then
the portfolio has the value

Call pays: 500
−0.25 share is bought back −4,250
Cash in bank account 3,833

Profit 83

If we observe ω2, we obtain:

Call pays: 0
−0.25 share is bought back −3,750
Cash in bank account 3,833

Profit 83

In either case I make 83 with this strategy, and with certainty(!). The call was obviously
underpriced by 83 monetary units. How can one be sure to avoid such pricing errors? This
is a central component of modern mathematical finance!

(Some people think that we financial mathematicians make forecasts—but as you can
already see, this is not necessary at all!)

It is also remarkable that the probabilities played no role! Where does the number of
shares to short come from? There is a beautiful theory behind this, culminating in the
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fundamental theorem of asset pricing5. If you think about it a little, you can also solve
this question with a simple system of equations6.

For the moment, however, we want to address a criticism of the model: it is too simple!
One could immediately dismiss it as useless. So we let the time steps become smaller and
smaller and determine a limit using the central limit theorem.

4.3.1 Convergence to the Black–Scholes model

We assume that the bank account satisfies

S0
t = (1 + r)t, t = 0, . . . , T,

with the condition r > −1. Thus S0 is deterministic, i.e. not random.

For the stock price S we assume

St = S0

t∏
i=1

ξi, t = 1, . . . , T.

Here ξ1, . . . , ξT are random variables with ξi ∈ {1+u, 1+d}, where we require −1 ≤ d ≤ u.
We assume that P (ξi = 1 + u) ∈ (0, 1) for i = 1, . . . , T (so in each step this is exactly a
binomial model as in the motivation above. The important point is the multiplicative (!)
structure).

In the motivation I constructed an arbitrage, i.e. a strategy with a profit opportunity but
without risk. In the above model (the so-called Cox–Ross–Rubinstein model) this may
also be possible directly (i.e. without an additional call). One can show that there is no
arbitrage if d < r < u.

We consider the time points 0, T
n
, . . . , nT

n
and a numéraire such that

lim
n→∞

(1 + rn)
n = erT (4.35)

holds. This is equivalent to rnn → rT . We embed the model into the above grid via

Sn
kT
n

= S0

k∏
i=1

(1 + ξni ) (4.36)

with independent random variables ξn1 , ξ
n
2 , . . . . We assume only that

−1 < αn ≤ ξni ≤ βn, (4.37)

5References: ...
6In Stochastics 2 we will discuss this in more detail. It is covered in the lecture “Discrete-Time Mathe-

matical Finance” or the lecture “Stochastic Integration and Mathematical Finance”.
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with limαn = lim βn = 0, and (to exclude arbitrage) that

E[ξni ] = rn. (4.38)

Moreover, assume

σ2
n :=

1

T

n∑
i=1

Var(ξni ) → σ2 ∈ (0,∞). (4.39)

By the central limit theorem, the logarithms of the stock price converge to a Brownian
motion, and the stock price itself converges to a geometric Brownian motion. Brownian
motion is a stochastic process with normally distributed increments7. At this point, the
normality property is all we need to describe this fascinating process.

Proposition 4.40. Under (4.35)–(4.39) we have

Sn
T

L−−−→
n→∞

S0 exp
(
(r − σ2

2
)T + σ

√
T ξ
)
, (4.41)

where ξ ∼ N (0, 1).

Proof. Let Zn := log
(∏n

k=1(1 + ξnk )
)
. A Taylor expansion yields

log(1 + x) = x− 1

2
x2 + x2ρ(x),

where ρ(x) → 0 as x → 0. From assumption (4.37) we obtain

Zn =
n∑

k=1

(
ξnk − 1

2
(ξnk )

2

)
+∆n

with

|∆n| ≤ δ(αn, βn)

(
n∑

k=1

(ξnk )
2

)
,

where δ(α, β) → 0 as α, β → 0. Now

E[|∆n|] ≤ δ(αn, βn)
( n∑

k=1

Var(ξnk )︸ ︷︷ ︸
→σ2T

+
n∑

k=1

(E[ξnk ]︸ ︷︷ ︸
=rn

)2
)
→ 0.

We verify the assumptions for the central limit theorem. Let

Z ′
n :=

n∑
k=1

(
ξnk − 1

2
(ξnk )

2

)
.

7See https://de.wikipedia.org/wiki/Brownsche_Bewegung. This important process in many areas was
also intensively studied by Albert Einstein. It forms the basis of the Black–Scholes model and also of
the model for stock prices postulated already in 1900 by Louis Bachelier.

https://de.wikipedia.org/wiki/Brownsche_Bewegung
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Then

E[Z ′
n] =

n∑
k=1

(
rn −

1

2
(Var(ξnk ) + r2n)

)
= nrn −

1

2

n∑
k=1

Var(ξnk ) + nr2n → rT − 1

2
σ2T,

and

Var(Z ′
n) =

n∑
k=1

(
Var(ξnk ) +

1

4
Var

(
(ξnk )

2
)
+ 2Cov

(
ξnk , (ξ

n
k )

2
))

→ σ2T,

because for each p > 2,

n∑
k=1

E
[
(ξnk )

p
]
≤ γp−2

n

n∑
k=1

E
[
(ξnk )

2
]
, where γn = max(|αn|, |βn|),

using |ξnk | ≤ γn. Moreover, ∣∣∣∣ξnk − 1

2
(ξnk )

2

∣∣∣∣ ≤ γn +
1

2
γ2
n.

Thus we have found a null sequence (γn) such that Pn(|Y n
k | ≤ γn) = 1. Then for every

ε > 0 there exists n0 = n0(ε) such that P (|Y n
k | ≤ ε) = 1 for all n ≥ n0. Hence the

Lindeberg condition holds, because for n ≥ n0,

E
[
(Y n

k )
21{|Y n

k |>ε}
]
≤ ε2 P (|Y n

k | > ε) = 0.

The claim then follows from the central limit theorem.

Definition 4.42. The model with S0
t = ert and

St = S0

t∏
k=1

ξk,

where (ξk) are i.i.d. with

ξk = exp
(
(µ− σ2

2
) + σηk

)
and ηk ∼ N (0, 1) is called the Black–Scholes model in discrete time.
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1 Excerpts

1.1 Ars conjectandi

In Ars Conjectandi written by Jakob Bernoulli (1713), see https://dbooks.bodleian.
ox.ac.uk/books/PDFs/590077413.pdf, you find on page 213 the following text (Part IV,
Chapter 2):

De Scientia & Conjectura. De Arte Conjectandi. De Argumentis Conjecturarum. Ax-
iomata quædam generalia huc pertinentia.

Ea quæcerta sunt & indubia, dicimur scire vel intelligere: cætera omnia conjicere tantùm
vel opinari.

Conjicere rem aliquam est metiri illius probabilitatem: ideoque Ars Conjectandi sive
Stochastice nobis definitur ars metienti quam fieri potest exactissimè probabilitates re-
rum, eo fine, ut in judiciis & actionibus nostris semper eligere vel sequi possimus id, quod
melius, satius, tutius aut consultius fuerit deprehensum; in quo solo omnis Philosophi
sapientia & Politici prudentia versatur.

and we translate on the second part

To conjecture something means to assess its probability; and therefore the art
of conjecturing, or stochastics, is defined as the art of measuring the probabil-
ities of things as precisely as possible

https://dbooks.bodleian.ox.ac.uk/books/PDFs/590077413.pdf
https://dbooks.bodleian.ox.ac.uk/books/PDFs/590077413.pdf
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