
Stochastics
for Applied Mathematics

Thorsten Schmidt

Department for Mathematical Stochastics, University Freiburg

uni-freiburg.de/stochastics
thorsten.schmidt@stochastik.uni-freiburg.de

WS 2025/26



Contents
Stochastics - why is ist so important

The basics: random variables, events and probability

Discrete probability spaces
The Poisson distribution
Expectation
Distribution
Tail sum formula

Laplace Models

The Random Walk

Conditional probabilities
Bayes theorem

Conditional Expectation

Independence
A First Limit Theorem

Continuous Models

Densities and Probabilities in the Language of Measures



Stochastics - why is ist so important

▶ Many effects in applications carry uncertainty: physical experiments, medical
examinations, treatment effects, financial markets, etc.

▶ Probability is an essential tool to model such uncertainty

▶ It naturally extends classical areas - from ODEs to SDEs, from PDEs to SPDES,
etc.

▶ Similar numerical schemes need to be extended for these settings

▶ Machine learning (an extension of Statistics) is based on the same mechanisms -
the fit of a model to data.



Fields of Applications

▶ Data Science / Machine Learning

▶ Medicine, epidemology

▶ Finance-/insurancemathematics

▶ Industry

▶ Computer science

▶ Life Sciences (future forests)



Contents

▶ Probability - what is it?

▶ Discrete probability spaces

▶ conditional expectation

▶ independence

▶ continuous distributions

▶ limit theorems

▶ applications



▶ Homepage: uni-freiburg.de/stochastik/schmidt

▶ Next week - replacement or shift to another time slot?

uni-freiburg.de/stochastik/schmidt


Random Variables and Sample Space

▶ The central concept, going back to Kolmogorov, is to understand random
variables as mappings.

X : Ω → Rn

▶ Ω is called sample space, Rn is the state space

▶ More general state spaces than Rn are possible



Examples

▶ Single roll of a die:
Ω = {1, 2, 3, 4, 5, 6}

▶ Infinite sequence of coin tosses

Ω = {0, 1}N

▶ Microscopic particle on a liquid surface (Brownian motion)

▶ Sample space is given by continuous paths in time t ≥ 0 and state x ∈ R2, i.e.

Ω = C(R+,R2)



Events

▶ The next main ingredient is to understand events as subsets of Ω

▶ indeed, think of the dice example: an even number refers to

{2, 4, 6} ⊂ Ω.

▶ We specify all possible events by

A ⊂ P(Ω)

▶ Event A occurs if ω ∈ A

▶ The structure of A will remain unclear for a moment. In the simpler cases
(countable Ω, any subset of the powerset is possible, but we will see later that
the right concept is that of a σ-algebra.



Event Examples

▶ Infinite coin tosses

▶ Event: third toss is heads

A = {ω ∈ Ω : ω3 = 1}

▶ Continuous particle paths

▶ Event: particle remains within radius r

A =
{
x : sup

t≥0
∥x(t)∥ ≤ r

}
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Probability Measure

▶ The last ingredient we need is to assign probabilities to events.

▶ This is done by a probability measure:

P : A → [0, 1]

▶ Assigns probabilities to events

▶ Closed under unions, intersections, complements



Interpretations of Probability

1. Subjective: One may assign subjective probabilities to events, for example to the
outcome of an election or to the occurrence of rain on the following day. The
rules developed below can then be applied, and certain conclusions can be drawn.

2. Frequentist: Based on repeated experiments, one can determine relative
frequencies and interpret them as probabilities. Indeed, this is a major
motivation, since we shall later show that relative frequencies of independent and
identically distributed random variables even converge to the true (and unknown)
probabilities.

3. Uniform distribution: If no prior information is available, one may regard all ω as
equally likely. This leads to the uniform distribution and to the classical Laplace
experiments.



Discrete Probability Spaces

▶ The first, simple (and still far-reaching) case is the discrete case. Then Ω is finite
or countable

▶ Elementary probabilities:
P (ω) = P ({ω})

▶ Normalization: ∑
ω∈Ω

P (ω) = 1

▶ All subsets are events: A = PΩ)

▶ For any event A:

P (A) =
∑
ω∈A

P (ω)



Basic Calculation Rules

Remark (Calculation rules)

It is easily shown that the following calculation rules hold:

P (Ac) = 1− P (A), (1)

P (A ∪B) = P (A) + P (B)− P (A ∩B), (2)

P
( n⋃

i=1

Ai

)
=

n∑
k=1

(−1)k+1
∑

1≤i1<···<ik≤n

P (Ai1 ∩ · · · ∩Aik ), (3)

A ⊆ B ⇒ P (A) ≤ P (B). (4)



Example: Poisson Distribution

▶ Ω = {0, 1, 2, . . . }
▶ ω = number of Whatsapp messages in, say, 10 minutes

▶ Probability mass function, given by the probabilities of the elementary events

P (ω) = e−λ λω

ω!

with intensity λ > 0.

▶ Probability of at least one message:

P (ω ≥ 1) = 1− P (0) = 1− e−λ



Expectation

▶ We now meet the first central concept, that of the expectation of a random
variable. It describes the value on average (to be made very precise later).

▶ Discrete random variable:
X : Ω → R

▶ Expectation:

E[X] :=
∑
ω∈Ω

X(ω)P (ω)

This value might not be well-defined. We assume for the following that it is
well-defined in the sense that the sum converges absolutely. Generalizations will
be discussed later.

▶ If X is discrete, then is f(X) and hence

E[f(X)] =
∑
ω∈Ω

f(X(ω))P (ω).

▶ Linearity:
E[aX + bY ] = aE[X] + bE[Y ]



Distribution of a Random Variable

▶ Distribution:
P (X = x) = P ({ω : X(ω) = x})

▶ We obtain that the expectation equals

E[X] =
∑
ω

X(ω)P (ω) =
∑
x

x · P (X = x)

▶ which explains the importance of the distribution



Example: Expectation of Poisson distribution

▶ We consider Ω = {0, 1, 2, . . . , }, X(ω) = ω and have that

P (ω) = e−λ λω

ω!

▶ We now can compute the expectation:

E[X] =
∞∑

x=0

x · P (X = x)

=
∞∑

x=0

xe−λ λx

x!

=
∞∑

x=1

e−λ λx−1 · λ
(x− 1)!

= λ

▶ So for the Poisson distribution, E[X] = λ, the average number of arrivals per
considered time interval (the intensity)
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Example: Insurance

▶ Expectations are the basic valuation step in insurances (plus an additional risk
margin, taking the risk into account, which we skip here for simplicity).

▶ A very simple insurance contract offers the payment:

X =

{
c, if event A occurs

0, otherwise

▶ Fair premium:
E[X] = c · P (A)

▶ Of course, many additional components play a role (size and timing of the
payment, repeated payments etc.). Think of the valuation of a pension insurance
- how could this be done? Do you want to include a guarantee?



Tail Sum Formula

Lemma
If X(Ω) ⊆ {0, 1, 2, . . . }, then

E[X] =
∞∑

n=0

P (X > n).

Proof.
We compute

E[X] =
∞∑

k=1

k · P (X = k)

=
∞∑

k=1

k−1∑
n=0

P (X = k)

=
∞∑

n=0

∞∑
k=n+1

P (X = k) =
∞∑

n=0

P (X > n)
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What we have learned by now

▶ The basic concept Ω,A , P

▶ discrete random variables - a far reaching special case

▶ Expectation and distribution

▶ The Poisson distribution

▶ The tail sum formula



Laplace Models

▶ In the case of a finite Ω we have a very well-known special case: the Laplace
model class

▶ that is,

P (ω) = const. (5)

Due to the normalization condition, we can easily compute P , and obtain

P (ω) =
1

|Ω|
. (6)

For an event A ∈ A we obtain the well-known rule

P (A) =
|A|
|Ω|

=
number of favorable outcomes

number of possible outcomes
. (7)

▶ You find more examples in the scriptum. Here we concentrate relatively fast on
further topics.
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The Random Walk

Figure: A first stochastic process! The time n is shown on the x-axis, and the value of the process
S on the y-axis. For example, the value at n = 4 is 2, which we typically write as
S4 = S4(ω) = 2.



▶ Many stochastic phenomena evolve over time. We study the random walk as a
simple example.

▶ Since we work on a finite sample space Ω, all computations can be carried out
using elementary mathematics.

▶ We choose Ω = {ω = (ω1, . . . , ωN ) : ωi ∈ {−1,+1}} =: {−1,+1}N and define

Xk(ω) = ωk and Sn =
n∑

k=1

Xk(ω).

▶ The random variable Xk represents the movement in the k-th step, and Sn is the
sum of the first steps, that is, it gives the position of the random walk at time n.

▶ We start at 0, i.e., S0(ω) = 0.

▶ We regard all paths as equally likely:

P (ω) =
1

2N
and A = P(Ω). (8)



Definition (Random walk)

Let Ω = {−1,+1}N . The sequence (Sn)n=0,1,...,N on the probability space
(Ω,A , P ) defined in (8) is called a random walk starting at 0.

From (8) it follows that

P (Xk = 1) =
2N−1

2N
=

1

2
, k = 1, . . . , N.

The first n steps form a so-called random walk with n steps. We have

E[Xk] = P (Xk = 1) · 1 + (−1) · P (Xk = −1) = 0, and

E[Sn] =

n∑
k=1

E[Xk] = 0, n = 0, . . . , N.



Proposition (Random walk)

For all k = 0, . . . , n we have

P (Sn = 2k − n) =
(n
k

)
2−n,

and otherwise P (Sn = k) = 0. Thus, the distribution of Sn is a linearly transformed
binomial distribution with p = 1

2
.

Proof: Let Un denote the number of ups,

Un =
n∑

k=1

1{Xk=1},

then Sn = Un − (n− Un) = 2Un − n. We obtain

|{Un = k}| =
(n
k

)
2N−n (9)

and hence

P (Un = k) =
(n
k

)2N−n

2N
=

(n
k

)
2−n.

(10)

Further details (stopping times and boundary crossing probabilities) can be found in
the script. But before diving a bit deeper we need the concept of conditional
probabilities.
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Remark
The random walk is a discrete model of Brownian motion, which is one of the most
important models in probability. While the existence of Brownian motion can only be
established with considerable effort (and this is done in Probability Theory I), this
poses no difficulty for the random walk. Albert Einstein and Norbert Wiener studied
Brownian motion intensively, and the application of the reflection principle to
Brownian motion goes back to Paul Lévy.



Conditional probabilities

Now we introduce a new concept on (Ω,A , P ): probability incorporating additional
information (for example: the sum of the dice is even, or similar).

Definition (Conditional probability)

Let A,B ∈ A with P (B) > 0. Then

P (A | B) =
P (A ∩B)

P (B)

is called the conditional probability of A given B.



The mapping P (· | B) is a new probability measure on (Ω,A ) with

P (A | B) = 0, ∀A ∈ A : A ∩B = ∅.

Thus, the entire probability mass is concentrated on the event B.

Example (Two dice)

Let Ω = {1, . . . , 6}2 and

Ai = first die shows i ,

Bk = sum of the dice is k .

Then P (Ai | B7) =
1/36
1/6

= 1
6
for i = 1, . . . , 6, so the information B7 is useless.

However,

P (Ai | B11) =

{
1
2
, for i = 5, 6,

0, for i = 1, . . . , 4.

⋄



We call a countable family of sets (Bi)i∈I a pairwise disjoint decomposition of Ω if
Ω =

⋃
i Bi and Bi ∩Bj = ∅ for i ̸= j.

Proposition (Law of total probability)

Let (Bi)i∈I be a pairwise disjoint decomposition of Ω with P (Bi) > 0, i ∈ I. Then
for all A ∈ A ,

P (A) =
∑
i∈I

P (A | Bi) · P (Bi).



Proof

We have to show that
P (A) =

∑
i∈I

P (A | Bi) · P (Bi).

The idea is simple: consider B1 and B2, disjoint s.t. B1 +B2 = Ω. Then

P (A) = P (A ∩B1) + P (A ∩B2)

.
But now

P (A ∩B1) = P (A|B1) · P (B1)

by definition and the proof follows.
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The full proof

FNote that
A =

⋃
i

(A ∩Bi),

since the Bi form a pairwise disjoint decomposition (a so-called partition) of Ω.
It follows that

P (A) =
∑
i

P (A ∩Bi),

and the claim follows by inserting the definition of conditional probability.



Proposition

Let A1, . . . , An ∈ A with P (A1 ∩ · · · ∩An) > 0. Then

P
( n⋂

i=1

Ai

)
= P (A1) · P (A2 | A1) · P (A3 | A1 ∩A2) · · ·P (An | A1 ∩ · · · ∩An−1).

The proof is left as an exercise.



Example (Birthday problem)

What is the probability that n people all have birthdays on different days?
Let Ai = the event that the first i people have birthdays on different days. Then

P (A1 ∩ · · · ∩An) = 1 ·
364

365
·
363

365
· · ·

365− n+ 1

365
.

For n = 50 this yields approximately 0.03. ⋄



Let A,B ∈ A with P (A) > 0 and P (B) > 0. From the definition of conditional
probability it follows that

P (B | A) =
P (B ∩A)

P (A)
=

P (A ∩B)

P (A)
=

P (B) · P (A | B)

P (A)
. (11)

⇒ conditional probability is not symmetric!



Bayes theorem

Proposition (Bayes’ theorem)

Let (Bi)i∈J be a pairwise disjoint decomposition of Ω with Bi ∈ A , i ∈ J , and let
A ∈ A with P (A) ̸= 0. Then

P (Bi | A) =
P (Bi) · P (A | Bi)∑

j∈J P (Bj) · P (A | Bj)
.



Proof

We have

P (Bi|A) =
P (Bi ∩A)

P (A)
=

P (A|Bi) · P (Bi)

P (A)
.

Moreover,

P (A) =
∑
j∈J

P (A ∩Bj) =
∑
j∈J

P (Bj) · P (A | Bj),

and the claim follows. In the case where P (Bi) = 0, the value of P (A | Bi) is
arbitrary, and we set it equal to 0.
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P (A)
.
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∑
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Interpretation: We have several hypotheses (Bi) with a priori probabilities P (Bi).
Under hypothesis Bi, the event A occurs with probability P (A | Bi). If A has
occurred, one can use these quantities to determine the a posteriori probability
P (Bi | A).



Example (Misclassifications in AI)

Consider an artificial intelligence used for credit decisions. There are three types of
loans:

▶ Positive (with a share of 50%),

▶ Borderline (with a share of 30%), and

▶ Negative.

The AI has an error probability that depends on the loan quality: if the loan is positive,
the error probability (loan is rejected) is 2%; if it is borderline, it is (loan is rejected)
12%; and if it is negative, the AI has an error probability (loan is accepted) of 10%.
For example, we are interested in the overall error probability and use Theorem 6.
Hence,

P (A) =

3∑
i=1

P (A | Bi) · P (Bi) = 0,02 · 0,5 + 0,15 · 0,3 + 0,1 · 0,2 = 0,069; (12)

even though the AI is very accurate in the positive case, and this case makes up the
largest share at 50%, the worse results in the other cases spoil the overall balance.



Example

Conversely, we are interested in the probability that a loan is truly negative given that
it was rated negative by the AI. Let N denote the event that the loan was rated
negative. Then

P (B3 | N) =
P (N | B3) · P (B3)

P (N | B1) · P (B1) + P (N | B2) · P (B2) + P (N | B3) · P (B3)

≈ 0.80, (13)

so the loan is actually negative with about 80% probability; that is, surprisingly many
good loans are rejected.



Conditional Expectation

Let B ∈ A with P (B) > 0. We then define the expectation conditional on B by

E[X | B] =
∑

x∈X(Ω)

x · P (X = x | B) =

∑
x∈X(Ω) x · P ({X = x} ∩B)

P (B)

=
E[X1B ]

P (B)
.



This notion is often not sufficient.

Definition
For a countable, pairwise disjoint decomposition (Bi)i∈I = B we define the random
variable E[X | B] by

E[X | B](ω) :=
∑

i∈I, P (Bi)>0

E[X | Bi]1Bi
(ω).

This random variable is called the conditional expectation of X given B. It has the
smallest distance to X (in the quadratic sense) among all random variables that are
constant on the sets Bi.



Proposition

Let X be a random variable with E[X2] < ∞ and let B = (Bi)i∈I be a pairwise
disjoint partition of Ω. Set I∗ = {i ∈ I : P (Bi) > 0}. Then

E
[(

X −
∑
i∈I∗

ci1Bi

)2]

is minimized for ci =
E[X1Bi

]

P (Bi)
, i ∈ I∗.



Proof.
Under the assumptions of the theorem we have

E
[
X

∑
i∈I∗

ci1Bi

]
=

∑
i∈I∗

ciE[X1Bi
]

=
∑
i∈I∗

ci
E[X1Bi

]

P (Bi)
· P (Bi)

= E
[ ∑
i∈I∗

ci1Bi

∑
j∈I∗

1Bj

E[X1Bj
]

P (Bj)

]
= E

[
E[X | B]

∑
i∈I∗

ci1Bi

]
.

Hence we obtain

E
[
(X − E[X | B])

∑
i∈I∗

ci1Bi

]
= 0. (14)



Proof.
Since E[X | B] itself is of the form

∑
ci1Bi

, we also have

0 = E
[
(X − E[X | B]) ·

(
E[X | B]−

∑
i∈I∗

ci1Bi

)]
.

It follows that

E
[(

X −
∑
i∈I∗

ci1Bi

)2]
= E

[
(X − E[X | B])2

+ 2(X − E[X | B])
(
E[X | B]−

∑
i∈I∗

ci1Bi

)
+

(
E[X | B]−

∑
i∈I∗

ci1Bi

)2]
.

The middle term vanishes as noted above, and the claim follows.



Formula (14) shows that E[X | B] is the orthogonal projection of X onto the
subspace of functions of the form

∑
i∈I∗ ci1Bi

with respect to the inner product

⟨x, y⟩ =
∑

X(ω)Y (ω)P (ω)

on the space of discrete random variables. One also sees that the constants ci outside
of I∗ can be modified arbitrarily: random variables can often be changed freely on sets
of probability zero without losing a given property (as in Theorem 13).
More generally, one can introduce a more effective notion of information (a σ-algebra)
instead of a partition, but this requires measure theory.



What we have learnt today

▶ Laplace models

▶ Conditional probabilities

▶ Law of total probability

▶ Bayes theorem

▶ Conditional expectation



Independence

Although one usually has some intuitive understanding of it, it is essential to
understand the mathematically precise definition and its implications in detail.

Definition
A family of events (Ai, i ∈ I) is called independent if for all finite J ⊆ I it holds that

P
( ⋂

j∈J

Aj

)
=

∏
j∈J

P (Aj).



1. For two events with P (A), P (B) > 0 we obtain

A,B independent ⇐⇒ P (A ∩B) = P (A) · P (B)

⇐⇒ P (A | B) = P (A)

⇐⇒ P (B | A) = P (B).

2. Pairwise independence is strictly weaker. For example, for two coin tosses define

A = first toss is heads,
B = second toss is heads,
C = first and second toss are different.

Then the events are pairwise independent, but P (A ∩B ∩ C) = 0!

3. For A1, . . . , An it is not sufficient to merely require

P (A1 ∩ · · · ∩An) =

n∏
i=1

P (Ai).

This is an exercise. Hint: for example, choose A1 = ∅, and Lemma 17 no longer
holds.
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Lemma
Let the events (Ai)i∈I be independent. For each i, set Bi to be either Ai or Ac

i .
Then the events (Bi)i∈I are also independent.



Lemma
Let the events (Ai)i∈I be independent. For each i, set Bi to be either Ai or Ac

i .
Then the events (Bi)i∈I are also independent.

The idea is simple: if A and B are independent, then

P (A ∩Bc) = P (A)− P (A ∩B) = P (A) · (1− P (B)).



Proof.
We have to show that for disjoint finite sets J,K it holds that

P
( ⋂

j∈J

Aj ∩
⋂

k∈K

Ac
k

)
=

∏
j∈J

P (Aj)
∏
k∈K

(1− P (Ak)).

We use induction on k = |K|. For k = 0, the claim follows directly from
independence. Furthermore,

P
( ⋂

j∈J

Aj ∩
⋂

k∈K\{i}
Ac

k ∩Ac
i

)
= P

( ⋂
j∈J

Aj ∩
⋂

k∈K\{i}
Ac

k

)
− P

( ⋂
j∈J∪{i}

Aj ∩
⋂

k∈K\{i}
Ac

k

)
=

∏
j∈J

P (Aj)
∏

k∈K\{i}
P (Ac

k) · (1− P (Ai)),

and the claim follows.



Definition
A family of discrete random variables (Xi : i ∈ I) is called independent if the events(

{Xi = xi : i ∈ I}
)

are independent for every choice of the xi from the range of Xi.



Lemma
If X1, . . . , Xn are discrete and independent random variables, then

E
[ n∏
i=1

g(Xi)
]
=

n∏
i=1

E[g(Xi)].



Proof.
We compute directly. Denote the range of X = (X1, . . . , Xn) by X(Ω). Then

E
[ n∏
i=1

g(Xi)
]
=

∑
x∈X(Ω)

n∏
i=1

g(xi)P (X1 = x1, . . . , Xn = xn)

=
∑

x∈X(Ω)

n∏
i=1

g(xi)P (Xi = xi)

=
n∏

i=1

E[g(Xi)],

and the proof is complete.



A first limit theorem

Limit theorems will occupy a very central position in probability theory. We begin with
a simple example that reveals an interesting connection between the binomial
distribution and the Poisson distribution. Intuitively, it states that for a binomial
distribution with n → ∞, convergence to a Poisson distribution (which lives on N)
occurs, provided that the probabilities pn stabilize in an appropriate sense.



Convergence in distribution

As our notion of convergence, we consider here convergence of distributions, that is,
we have a sequence of probability measures Pn defined on a fixed sample space Ω (in
this case Ω = N) which converge pointwise, more precisely:

Pn(ω) −→ P (ω), for all ω ∈ Ω.

One could also consider other notions of convergence (which ones?).



Proposition

The binomial distribution converges, for n → ∞ and p → 0 with np → λ > 0, to a
Poisson(λ) distribution. That is, for all k ∈ N0,(n

k

)
pk(1− p)n−k −→ e−λ λk

k!
.



Proof.
We compute directly:(n

k

)
pk(1− p)n−k =

1

k!
(np)k

(
1−

np

n

)n n(n− 1) · · · (n− k + 1)

nk

1

(1− p)k

−→
1

k!
λke−λ · 1 · 1,

and the claim follows.



The Poisson distribution also has the following interesting closure property: the sum
of two independent Poisson-distributed random variables is again Poisson-distributed.
Such properties make this class interesting on the one hand, and on the other hand
extremely useful for computations.



Lemma
Let X1 and X2 be independent and Poisson-distributed with parameters λ1 and λ2,
respectively. Then X1 +X2 is Poisson-distributed with parameter λ1 + λ2.



Proof.
Again we compute:

P (X1 +X2 = k) =
k∑

j=0

P (X1 = j) · P (X2 = k − j)

= e−(λ1+λ2)
k∑

j=0

λj
1

j!

λk−j
2

(k − j)!

= e−(λ1+λ2)
1

k!

k∑
j=0

( k

k − j

)
λj
1λ

k−j
2

= e−(λ1+λ2)
(λ1 + λ2)k

k!
.

Thus, indeed, the sum is Poisson-distributed with the desired parameter λ1 + λ2.



Continuous models

In this chapter we take the step toward more complex models and leave the previously
familiar terrain of finite or countable sample spaces.
We now use the axiomatic introduction of probability due to A. Kolmogorov.



Let Ω ̸= ∅ be a set and let A ⊂ P(Ω) be a family of subsets of Ω, together with a
mapping P : A → [0, 1].

Definition
(Ω,A , P ) is called a probability space if the following hold:

(i) A is a σ-algebra, i.e.
▶ Ω ∈ A ,
▶ A ∈ A ⇒ Ac ∈ A ,
▶ A1, A2, . . . ∈ A ⇒

⋃
i Ai ∈ A .

(ii) P is a probability measure, i.e.
▶ P (Ω) = 1,
▶ A1, A2, . . . ∈ A pairwise disjoint ⇒ P

(⋃∞
i=1 Ai

)
=

∑∞
i=1 P (Ai).



The two properties of a probability measure have the following names.

▶ P (Ω) = 1, is called the normalization of the measure P . It implies that P is a
finite measure. Note moreover that always P (·) ≥ 0; however, there also exist
measures which may take negative values (these are called signed measures).

▶ The second property is called σ-additivity. Thus, a probability measure is a
normalized, nonnegative, and σ-additive function on the σ-algebra A .



Example (Special case: discrete probability spaces)
Every discrete probability space as introduced in the previous chapter satisfies the
conditions of Definition 20.



Example (Borel σ-algebra)
Let Ω = [0, 1] and let A be the smallest σ-algebra containing every interval
[a, b] ⊆ [0, 1]. Then there exists exactly one probability measure P such that

P ([a, b]) = b− a.

Consequently, P ({a}) = 0 for all a ∈ [0, 1]. In particular, we no longer have

P (A) =
∑
ω∈A

P ({ω}),

since by Definition 20(ii) this identity holds only for countable sets A. ⋄



Excursus: Non-measurable sets

There are several classical examples of non-measurable sets; one important class is
provided by the Vitali theorem. Such sets are constructed as equivalence classes as
follows:

▶ consider again [0, 1] and define x ∼ y if x− y ∈ Q.

▶ This gives us equivalence classes [x]. We choose (by the axiom of choice) a set V
which contains a single representative of each equivalence class. V is called a
Vitali set and is non-measurable.

▶ Indeed, together with V also q + V is measurable (this already requires some
work to show), and the union of all q + V with q ∈ [0, 1] ∩ Q equals the entire
interval [0, 2].

▶ These are countably many sets whose Lebesgue measure is the same and would
have to sum up to 2, which is impossible.



Example (Rolling a die)
Let Ω = {1, . . . , 6} and consider the event A = {1, 3, 5}. The smallest σ-algebra
containing A is σ(A) = {∅,Ω, {1, 3, 5}, {2, 4, 6}}. Naturally, it contains the empty set
and Ω, as well as the complement of A.



Simple consequences:

▶ A1, A2, . . . ∈ A ⇒
⋂

i Ai =
(⋃

i A
c
i

)c ∈ A .

▶ Let A∞ denote the event that infinitely many events Ai occur:

A∞ =
⋂
n

⋃
k≥n

Ak.

▶ Starting from a system of sets A0, we define

σ(A0) =
⋂

B⊇A0
B is a σ-algebra

B.

This is again a σ-algebra and hence the smallest σ-algebra containing A0. It is
called the σ-algebra generated by A0 (as in Example 22, where the Borel
σ-algebra is generated by intervals).



Note that the familiar calculation rules for finite probability spaces remain valid here
as well. Checking this carefully is a good exercise.
A function P : A → [0, 1] is called additive if

P
( n⋃

i=1

Ai

)
=

n∑
i=1

P (Ai) for all n ∈ N and pairwise disjoint A1, . . . , An.



Proposition

Let P : A → [0, 1] be additive. Then the following statements are equivalent:

(i) P is σ-additive.

(ii) A1 ⊂ A2 ⊂ . . . , An ∈ A ⇒ P
(⋃

n An
)
= limn→∞ P (An).

(iii) A1 ⊃ A2 ⊃ . . . , An ∈ A ⇒ P
(⋂

n An
)
= limn→∞ P (An).



Proof.
(i)⇒(ii): Set B1 = A1 and Bn = An \An−1 for n ≥ 2. Then (Bn) are pairwise
disjoint and

⋃
n Bn =

⋃
n An. By σ-additivity,

lim
n→∞

P (An) = lim
n→∞

P
( n⋃

i=1

Bi

)
= lim

n→∞

n∑
i=1

P (Bi) =
∞∑
i=1

P (Bi)

= P
( ∞⋃

i=1

Bi

)
= P

( ∞⋃
i=1

Ai

)
.

(ii)⇒(i): As above, we obtain P
(⋃∞

i=1 Bi

)
=

∑∞
i=1 P (Bi) for A1 = B1 and

An = An−1 ∪Bn.
(ii)⇔(iii): This follows directly by taking complements.



Excercise

Using the properties of probability measures, we obtain automatically that
independence for finitely many events extends to countably many events by
monotonicity (which is why this need not be required in Definition 14). Show that if
A1, A2, . . . are independent, then

P
( ∞⋂

i=1

Ai

)
=

∞∏
i=1

P (Ai).



Corollary

For A1, A2, · · · ∈ A it holds that

P
( ∞⋃

k=1

Ak

)
≤

∞∑
k=1

P (Ak).



Proof.

P
(⋃

k

Ak

)
= lim

n→∞
P
( n⋃

k=1

Ak

)
≤ lim

n→∞

n∑
k=1

P (Ak) =
∞∑

k=1

P (Ak)



What we have learnt today

▶ Indepencence

▶ Expectations of products of indenpendent r.v.s

▶ Convergence in distribution

▶ The Poisson limit theorem

▶ Additivity of Poisson distributions

▶ Axiomatic characterisation of probability space and probability

▶ σ-algebra

▶ The Borel σ-algebra

▶ Two simple consequences: σ additivity is equivalent to σ-continuity and

P
( ∞⋃

k=1

Ak

)
≤

∞∑
k=1

P (Ak).

(and how to prove it!)
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