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Continuous models

In this chapter we take the step toward more complex models and leave the previously
familiar terrain of finite or countable sample spaces.
We now use the axiomatic introduction of probability due to A. Kolmogorov.



Let Q # 0 be a set and let & C Z(Q2) be a family of subsets of 2, together with a
mapping P : </ — [0, 1].

Definition

(92, o, P) is called a probability space if the following hold:

(i) o/ is a o-algebra, i.e.
> Qe
> Ac o = A°c A,
> A1, Ao, ... EJZ{:>U,LA1 € .

(if) P is a probability measure, i.e.
> P(Q) =1,
> Ay, Az, ... € o pairwise disjoint = P (2, A;) = 352, P(A).



The two properties of a probability measure have the following names.

> P(Q) =1, is called the normalization of the measure P. It implies that P is a
finite measure. Note moreover that always P(-) > 0; however, there also exist
measures which may take negative values (these are called signed measures).

» The second property is called o-additivity. Thus, a probability measure is a
normalized, nonnegative, and o-additive function on the o-algebra <.



Example (Special case: discrete probability spaces)

Every discrete probability space as introduced in the previous chapter satisfies the
conditions of Definition 1.



Example (Borel o-algebra)

Let Q@ = [0,1] and let 7 be the smallest o-algebra containing every interval
[a,b] C [0,1]. Then there exists exactly one probability measure P such that

P([a,b]) =b—a.
Consequently, P({a}) = 0 for all a € [0, 1]. In particular, we no longer have

P(A) =Y P({w}),

weA

since by Definition 1(ii) this identity holds only for countable sets A.



Excursus: Non-measurable sets

There are several classical examples of non-measurable sets; one important class is
provided by the Vitali theorem. Such sets are constructed as equivalence classes as
follows: consider again [0,1] and define z ~ y if x —y € Q. An equivalence class V is
called a Vitali set and is non-measurable. Indeed, together with V also ¢ + V' is
measurable (this already requires some work to show), and the union of all ¢ + V' with
q € [0,1] N @Q equals the entire interval [0, 2]. These are countably many sets whose
Lebesgue measure is the same and would have to sum up to 2, which is impossible.



Example (Rolling a die)

Let Q@ ={1,...,6} and consider the event A = {1,3,5}. The smallest o-algebra
containing A is o(A) = {0,9Q,{1,3,5},{2,4,6}}. Naturally, it contains the empty set
and €2, as well as the complement of A.



Simple consequences:

> Ay, As,. .. EQ{:}miAi = (UZAZC)C € .
P> Let A denote the event that infinitely many events A; occur:

Ao = U Ax

n k>n

> Starting from a system of sets o, we define

o(ty) = N B.
B
B is a o-algebra

This is again a o-algebra and hence the smallest o-algebra containing <%. It is

called the o-algebra generated by 2% (as in Example 3, where the Borel o-algebra
is generated by intervals).



Note that the familiar calculation rules for finite probability spaces remain valid here
as well. Checking this carefully is a good exercise.
A function P : & — [0,1] is called additive if

n n
P<1L;J1 Ai) = ;P(Ai) for all n € N and pairwise disjoint Ay, ..., Ay.



Proposition

Let P : o/ — [0, 1] be additive. Then the following statements are equivalent:
(i) P is o-additive.

(i) A1 C A2 C ..., Ap € & = P(U, 4An) = limp 00 P(An).

(i) A1 D A2 D ..., Ap € & = P(N, An) = limp 00 P(An).



Proof.

(i)=(ii): Set By = Ay and Bp, = Ay \ Ap—1 for n > 2. Then (By) are pairwise
disjoint and |J,, Bn = U,, An. By o-additivity,

lim P(Ay) = “li—*moop(g Bi) = lim_ > P(B ZP(B
_p(Us) =r(J )
i=1 =1

(i))=>(i): As above, we obtain P(J52; B;) = > 52, P(B;) for Ay = By and
Ap =A,_1UB,.
(ii)<(iii): This follows directly by taking complements.



Excercise

Using the properties of probability measures, we obtain automatically that
independence for finitely many events extends to countably many events by
monotonicity. Show that if Ay, Aa,... are independent, then

P( ﬁ i) = ﬁ P(A).
=1 =1



Corollary
For Ay, As,--- € & it holds that

p( ”lAk)g 3

k= k=1

P(Ap).



Proof.

P(UAk) - nli_)mQQP(

k k

C=

n oo
Ag) < lim > P(AR) = Y P(Ay)
1 k=1 k=1



Borel - Cantelli

Lemma
We define

H
HD8

U = ‘“infinitely many of the events A; occur.”
k>n

(i) 13> >1 P(Ax) < 0o, then P(Ax) = 0.

(ii) If the (Ay) are independent, then Y, <, P(Ay) = oo implies P(Aco) = 1.

This is a powerful result which we will frequently use in connection with convergence
of random variables.



Proof.

The sequence (Uk>n Ak)n is decreasing, hence the assumptions of condition (iii) in
Theorem 5 are satisfied. We obtain

P(A) = lim P( | 4) cz’ Tim 3™ P(4y) = 0.

n— oo
k>n k>n



Proof.

The sequence (Uk>n Ak)n is decreasing, hence the assumptions of condition (iii) in
Theorem 5 are satisfied. We obtain
. Cor.6
P(As) = lim P( U Ak> < lim > P(Ag) = 0.

n— oo
k>n k>n

For (ii): Since the sequence (<, Ai)n is increasing, the assumptions of part (ii) of
Theorem 5 are satisfied and we obtain

P(ag) =pP(UJ N 45) =tmP( ) 45).

n k>n k>n



Proof.
The sequence (Uan Ak)n is decreasing, hence the assumptions of condition (iii) in
Theorem 5 are satisfied. We obtain
Cor.6
P(As) = lim P( U Ak> < lim > P(Ag) = 0.

n— oo
k>n k>n

For (ii): Since the sequence (<, Ai)n is increasing, the assumptions of part (ii) of
Theorem 5 are satisfied and we obtain

P(ag) =pP(UJ N 45) =tmP( ) 45).

n k>n k>n

By independence,

P(ﬁ ) UP(A ):f[ (1 — P(Ap)).

k=n =



Proof.

The sequence (Uk>n Ak)n is decreasing, hence the assumptions of condition (iii) in
Theorem 5 are satisfied. We obtain

P(A) = lim P( | 4) ‘)ésnn_)moo S P(Ax) =0.

n— oo
k>n k>n

For (ii): Since the sequence (<, Ai)n is increasing, the assumptions of part (ii) of
Theorem 5 are satisfied and we obtain

P(ag) =pP(UJ N 45) =tmP( ) 45).

n k>n k>n

By independence,

P( N Af) = HP(A):H 1— P(A)).
k=n k=n
Since 1 —x < e~ %, it follows (for all n—note that >, ., P(Ay) = o0)



Example (Infinite repetitions)
If we roll a die infinitely often, we may ask the following questions:

1. I never roll a 6:
A; = no 6 occurs in the first 7 throws.

We have A1 D A2 O ... and P(4;) = (%)z Hence,

5\ oo
P(N4)= ()" =0
This holds, incidentally, for all g < 1! — apartment hunting in Freiburg :-)

2. Do | roll infinitely many 6s?
Here we define B; = "a 6 occurs in the i-th throw”, with P(B;) = %. Then

> P(Bi)=o0 = YES!
i=1



The general definition of random variables

Define
X YB)={weQ: X(w) € B}.

We consider the real line R equipped with the Borel o-algebra # = o([a,b] : a,b € R).
We call X : Q — R measurable, if

X Y(Byews VBc4A.

If we want to point out the o-fields, we call X &/ — %-measurable.



The general definition of random variables

Define
X YB)={weQ: X(w) € B}.

We consider the real line R equipped with the Borel o-algebra Z = o([a,b] : a,b € R).
We call X : Q — R measurable, if
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Definition
A real-valued random variable is a measurable mapping X : Q — R.
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If we want to point out the o-fields, we call X &/ — %-measurable.
Definition
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With a bit measure theory we can show that we need only

X~1([a,b]) € o for all a < b.



The general definition of random variables

Define
X YB)={weQ: X(w) € B}.

We consider the real line R equipped with the Borel o-algebra Z = o([a,b] : a,b € R).
We call X : Q — R measurable, if

XY B)ews VBecA.
If we want to point out the o-fields, we call X &/ — %-measurable.
Definition
A real-valued random variable is a measurable mapping X : Q — R.
With a bit measure theory we can show that we need only

X~1([a,b]) € o for all a < b.

or, simpler,
X7 ((—00,b]) € o forall b € Q.



Definition
The function defined by
Fz)=P(X<z), z€R

is called the distribution function of X. The function on # defined by
w(B) := P(X € B)

is called the distribution of X.



Proposition
Let F' be a distribution function. Then:

(i) Ifa <b, then F(a) < F(b) (monotonicity)
(i) F(a) =lime—o F(a+€) (right-continuity)
(i) lim F(z)=0, lim F(z)=1 (normalization)

r——00 T—r00

It follows that u((a,b]) = F(b) — F(a) for a < b, and p({a}) = F(a) — F(a™).



Example (Discrete random variable)
If X takes values in {0,1,2,...}, then

F@)=> P(X=k), £=0,1,2,....
k=0

Thus, knowing the distribution function is equivalent to knowing all probabilities
P(X =k), k=0,1,2,....



Since the distribution function F' is monotone, we can define the generalized inverse

F7l(t) = inf{z : F(z) > t}.

Lemma

We have: F~1 is nondecreasing and
(i) F'(F(z)) <=

(i) FF=1(1) >t



Proof.

First note that {z : F((z) > t} = [F~1(t), 00). Of course, the set on the left becomes
smaller as t increases, hence F~1 is nondecreasing.



Proof.

First note that {z : F((z) > t} = [F~1(t), 00). Of course, the set on the left becomes
smaller as t increases, hence F~1 is nondecreasing.

F~Y(F(x)) = inf{y : F(y) > F(x)}. For y = x we have F(y) > F(x), so « belongs
to this set, and therefore inf{y : F'(y) > F(x)} < x, which proves (i).



Proof.

First note that {z : F((z) > t} = [F~1(t), 00). Of course, the set on the left becomes
smaller as t increases, hence F~1 is nondecreasing.

F~Y(F(x)) = inf{y : F(y) > F(x)}. For y = x we have F(y) > F(x), so « belongs
to this set, and therefore inf{y : F'(y) > F(x)} < x, which proves (i).

Conversely, F(F~1(t)) = P(X < F~1(t)). Set
y:=F~1(t) = inf{z : P(X < x) > t}. For € > 0 it follows that F(y + &) > t. Since
F is right-continuous (Theorem 11), letting € — 0 yields F'(y) > ¢, hence (ii).

O



We also obtain
P(X < F7(t)) <t < P(X < F(t)).

The value F~1(t) is also called the t-quantile of X (median — 50% quantile).



Definition
A random variable X is called absolutely continuous if there exists a function
f: R — R such that

(i) f(z) >0forall zeR
(ii) /Rf(:):) dz =1
b
(iii) F(b) = P(X < b) = / f(@)dz forall bR

The function f is called the density of X.



Definition
A random variable X is called absolutely continuous if there exists a function
f: R — R such that

(i) f(z) >0 forall zx € R
(ii) /Rf(:):) dz =1

b
(iii) F(b) =P(X <b) = / f(x)dxz forall beR
The function f is called the density of X.

If f is continuous at z, then f(z) = F'(z). If we are given a distribution function F’
(or a distribution 1), we say that X has distribution F' (or u) if P(X < z) = F(z) for
x € R (respectively P(X € B) = pu(B) for B € #). We then write X ~ F or X ~ p.
The next examples present a few standard distributions.



Example (Uniform distribution)
For the uniform distribution on [a, b] we write U(a,b). We set f(z) =4 5] ﬁ and
obtain

F(z) =< =2, =z € (a,b),




Example (Exponential distribution)

For the exponential distribution we write Exp(A). Let A > 0 and
flz) = ]l{IZO}Ae_AI. The distribution function of the exponential distribution is

0 <0
F — b — b
(@) {1 —e M >0



Example (Normal distribution)

For the normal distribution we write N'(i1,02). Let u € R, o > 0. The density of the
normal distribution is

@) 1 ,%
T) = e 20
V2mo?

From this we obtain the distribution function:

T 1 _(y—n)
Fmgz(x):/ ——e 202 dy

—oo V2mo?
z—p
- 1 22 T—
= e 2 dz=: <I>( )
—oo V2T o

Here, ® denotes the distribution function of the standard normal distribution.



Lemma
If F' is a distribution function and U ~ U|0, 1], then

X :=F 1)

has distribution function F (i.e. X is distributed according to F).



Proof.

First we show that
Flt) <z & t < F(z).

If F' is strictly increasing, this is of course clear. In the more general case considered
here we need a bit more work: if F~1(¢) < z, then by monotonicity of F' we have
F(F~1(t)) < F(x). However, by Lemma 13 we also have F(F~1(t)) > ¢, hence
F(x) > t.

Conversely, if t < F(z), then

Flt) < FY(F(z)) < z,

where the last step again follows from Lemma 13.
Now assume U ~ UJ0,1]. Then

P(X <b)=P(FY(U) <b) = P(U L F(b)) = F(b),

so indeed X ~ F'.



Transformations

If X is a random variable and g is measurable, then Y = g(X), defined by

Y(w) = g(X(w)),
is again a random variable (exercise). Its distribution function is

Fy (b) = P(9(X) < b) = P(X € g~ ((—00,0))).



Example (Transformation: X?2)
Let g(z) = 22 and Y = g(X). Then

P(X2 <b) = P(—Vb < X < Vb) = Fx (Vb) — Fx(~Vb),

provided Flx is continuous. (What if it is not?) If F'x is even absolutely continuous
with density fx, then

Fr(b) = 2%/5 [x (VB) + fx (—VB).



Example (Transformation: aX + b)
Let g(z) = ax + b and, as above, Y = g(X). Then

Fy (z) = Fx(x a_ b)7

and, if F'x is absolutely continuous,




Expectation

Definition
For X > 0 the expectation of X is defined by

E[X] = /QX(w) dP(w) :/qu(dz) € [0, 0).



The integral....

The integrals are to be understood in the sense of measure theory!. One begins with
discrete random variables

n
X =) ela, with A;.
1=1

(Then E[X] = 3", ¢; P(A;), as is well known.)

Any nonnegative X can always be written as the limit of an increasing sequence (X,)
of such random variables, and one sets E[X]| = lim,, E[X}].

For an arbitrary random variable X one defines

X+ =max(X,0) and X~ =max(—X,0),

and sets E[X] = E[XT] — E[X ], provided not both sides are +co. (In that case one
may also set E[X] = c0.)

1Strictly speaking, one can even carry out this construction on Banach spaces. This integral is called the
Bochner integral.



In all practical cases we can compute E[X] more directly: if X has density f, then

E[X] = /zf(x) d

(because p(dz) = f(z)dz, i.e. dF (z) = f(z) dx).



Properties

Remark

The expectation inherits the following properties of the integral:

(1) Linearity ElaX +bY] = aE[X] + bE[Y]
(2)  Monotonicity X <Y = E[X]<LE[Y]
(3)  Monotone convergence X1 < X2 <.+ = ElimX,]=IlimFE[X,]
n n
(4) Dominated convergence if Xn(w) - X(w) forw € A with P(A) = 1 and

| Xp(w)| < X' (w) for all n with E[|X'|] < co, then
E[lim X,] = lim E[Xy]
n n

(5) Transformation Elg(X)] = /g(a:)f(x) dz if X is absolutely contin-
uous.



Definition
We define the variance of X by

Var(X) = E[(X — E(X))2],

and the standard deviation by o(X) = y/Var(X), with the convention /oo = co.



Definition
We define the variance of X by

Var(X) = E[(X — E(X))?],
and the standard deviation by o(X) = y/Var(X), with the convention /oo = co.
Show that

Var(aX + b) = a? Var(X), Var(X) = E[X?] — (E[X])%.



Remark (Expectations and variances for various distributions)

We list these values for the binomial distribution, the hypergeometric distribution, the
Poisson distribution, the geometric distribution, the uniform distribution, the
exponential distribution, and the normal distribution. The computations can be
carried out as an exercise.

Distribution E[X] Var(X)
Bin(n, p) np np(1 —p)
K K K N—n
Hyp(n, N, K) | nk | nf(1- K (8=n)
Poisson(\) A A
1 1=
Geom.(p) > p22
Uniform[a, b] ‘ZTer (b?zl)
Exp(a) = %
N(/'L7 02) 12 o?




Example (Poisson distribution)
As an example we compute the expectation of a Poisson distribution. Let

X ~ Poisson(\). Then

E[X] =) kP(X =k)
k>0




Example (Exponential distribution)
And for an exponential distribution: let X ~ Exp(\). Then

B[X] = /jo of(z) do

(oo}
i _Az —Az\ |o© i — Az
= zAe dz = z(—e™ %) |0 + e dz
0 >  Jo
=0
167)\1 |<>° —_ l

3



Example (Uniform distribution)

Finally we compute the variance of a standard uniform distribution. Let X ~ U[0, 1].
Then

! 1 1
E[XQ]:/ xde:7x3|1:7,
o 37 0= 3
! 1
E‘[X]:/ rdr = -
o 2

and hence
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