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Financial Mathematics

As a motivating (and very instructive) application, we briefly look at a standard topic
from financial mathematics. With only a few additional steps, this line of reasoning
leads to the Black—Scholes formulal.

1See ? and https://www.nobelprize.org/prizes/economic-sciences/1997/press-release/.
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Financial Mathematics

As a motivating (and very instructive) application, we briefly look at a standard topic
from financial mathematics. With only a few additional steps, this line of reasoning
leads to the Black—Scholes formulal.

Consider an index with current value Sy = 25,000. You want to profit from rising
prices and therefore consider buying a call option with strike (exercise price)

K = 25,500. As a simple model for the next period you consider two scenarios: the
index either rises to 26,000 or falls to 24,000. You assign (subjectively, or based on
statistical methods) the probabilities 1/3 and 2/3. This leads to the following

one-period model:
26,000 w = wi,
Si(w) = '
24,000 w = w3,

where S is the value of the (random) stock/index price at time 1.

1See ? and https://www.nobelprize.org/prizes/economic-sciences/1997/press-release/.
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A call option is the right to buy the stock at price K. The payoff of the call at time 1
is

C1:= (81 — K)T = max{S1 — K, 0},

() = {500 w = wi,

hence

0 w = wsy.

What would you be willing to pay for this derivative?



A quick poll among the participants of the course produces several suggested prices
around 167. So let us assume the market price is 167.



A quick poll among the participants of the course produces several suggested prices
around 167. So let us assume the market price is 167.

Now suppose | act as a clever market participant: | buy the call and at the same time
| short-sell 0.25 shares (why exactly 0.2577), and | deposit the remaining amount in
the bank account. This gives the following cash-flow calculation at time 0:

Buy call -167
Proceeds from short-selling shares 6,250
Deposit remaining cash into the bank account -6,083

Everything balances: the total net cash outlay at t = 0 is 0 (and | have the obligations
at time 1 to buy back a quarter of a share and to withdraw 6,083 from the bank
account).



At time 1 there are again two cases. Suppose we observe wi (so S1(w1) = 26,000).
Then the portfolio has the following value:

Call pays: 500
Buy back 0.25 shares -6,500
Funds available from the bank account 6,083

Net profit 83




At time 1 there are again two cases. Suppose we observe wi (so S1(w1) = 26,000).
Then the portfolio has the following value:

Call pays: 500
Buy back 0.25 shares -6,500
Funds available from the bank account 6,083
Net profit 83

If instead wo occurs we obtain:

Call pays: 0
Buy back 0.25 shares -6,000
Funds available from the bank account 6,083

Net profit 83




So in both cases | make a profit of 83 — and this profit is risk-free(!). In other words,
the call was clearly underpriced by 83 monetary units. How can we make sure that
such mispricings are ruled out? This question is one of the central themes of modern
financial mathematics!



So in both cases | make a profit of 83 — and this profit is risk-free(!). In other words,
the call was clearly underpriced by 83 monetary units. How can we make sure that
such mispricings are ruled out? This question is one of the central themes of modern
financial mathematics!

It is also remarkable that the probabilities did not matter at all! So where did the
number of shares to short-sell come from?



At this point we should address a common criticism of the model: it is far too simple!
In practice, such a one-step model is of course not realistic. So we will let the time
steps become smaller and smaller and study a suitable limit. The central limit theorem
will be the key tool.



Convergence towards the Black—Scholes Model

We assume that the bank account satisfies
S9 = (1+r)t, t=0,...,T,

with the condition r > —1. Thus S° is deterministic (hence not random).
For the stock price process S we assume

t
St:SOH&G t=1,...,T.
i=1

Here &1, ..., & are random variables with values &; € {1+ u, 1+ d}, where we
require —1 < d < u. We also assume P(§; =1+ u) € (0,1) for i =1,...,T (so each
step is a binomial model, just like in the motivation above. The important point is the
multiplicative (!) structure).

Moreover we require d < r < u.



T nT

We now consider the time grid 0, -, ..., ®= and a corresponding numéraire such that
lim (1 n= et 1
7Li>m00( + T"’L) ¢ ( )

holds. This is equivalent to r,n — rT. We embed the model into this grid by setting

k
Sir =So [[a+¢),  k=1,...,n, )
" i=1
with independent random variables £7', &5, . ... We only assume
-1 <an g{fgﬁn (3)

with lim i, = lim 8, = 0 and, in order to exclude arbitrage opportunities,
EE] = rn. (4)

Finally assume

o2 = % ;Var({?) — 02 € (0,00). (5)



Proposition
Under (1)—(5) we have
2
n 2L @
3 —Z Soexp ((r = a\/:Fg), (6)

where £ ~ 4(0,1).

Key observation from the proof is that it is relatively easy to show that the Lindeberg
Bedingung holds in our case.



Definition

The model with SY = e™ and
t
Se =50 [ ] &
k=1

where (&) are i.i.d. with
g
&r = exp ((n— 5) + on)

and ng ~ A4(0,1), is called the Black—Scholes model in discrete time.



Stochastic Processes

> We consider a probability space (2, 7, P).
> We consider the time points T = {0,...,T}.

» The flow of information is described by an increasing sequence of o-algebras (a
filtration):
FoC F1C---CFpCd.



The Financial Market

» A financial market consists of d + 1 traded assets.

» We denote the price process of the i-th asset by
St =(S)ter,  i=0,...,d.

» The bank account is
50 = et
with a fixed interest rate r.

> We write S = (59, 5) for all d + 1 assets and S = (S1,...,S%) for the d risky
assets (i.e. excluding the bank account).



» A stochastic process X = (X¢);—o,...,7 is called adapted if X; is .F#;-measurable
forallt=0,...,T.

» A stochastic process X = (X¢)=1,...

1 is called predictable if Xy is
F+_1-measurable forall t =1,...,T.



Definition
A trading strategy H is a predictable, (d + 1)-dimensional stochastic process. It is
called self-financing if

Ht-gt:f{t_‘_lwgt, t=1,..., 7 —1.



For a self-financing trading strategy, rebalancing the portfolio does not require any
additional capital: the entire wealth is reinvested. We introduce the notation
AS), = Sk — Si_1 for the increments of S.

Lemma

For a self-financing trading strategy H and t > 1 we have

t
Ht‘gt:H1‘§O+ZHk‘ASk-
k=1



Proof.

This can be seen in two steps:

H; - S,

Il
junea/ie]

¢St + He1-Si—1— He—1 - Sp—1
t- St + Hi—1-Si—1— Hy - Sp—1
t- (S't - gt—l) + Hi—1-Si—1

Il
Mw

Hy, - (Sk — Sg—1) + H1 - 51,

ol
Il

2
where we used that H is self-financing. Furthermore,
Hy-Sy=H;-S1+H;-S —Hi-So
= Hy - (S1 — So) + Hi - So,

and the claim follows.



Cash flows at different times can be compared by discounting with respect to a
reference asset. We introduce the discounted price process

. S
Xii= ng t=0,...,7, i=0,...,d.
t
Here X? =1 for all 0 <t < T, so the reference asset disappears in discounted units.
Given a trading strategy H, we use the notation H for the last d components (the
risky holdings), i.e. we always write H = (H®, H). This is particularly convenient
when writing the discounted gains process.



Definition

The discounted value process V.= V! of the trading strategy H is
VtZZHt-Xt, t=1,...,T,

and Vp := Hy - Xg. The discounted gains process G = GH is

t
Gpi= Y Hy AXy, t=1,...,T,
k=1

with Gg = 0.

Since X,? — Xg_l =0, it follows for all 0 < ¢ < T that

Moreover,



Proposition

Let H be a trading strategy. The following are equivalent:
(i) H is self-financing,

(i) He - Xt = Hyp1 - Xz, t=1,...,T—1,

(i) Vi =Vo+ Gy for0<t<T.



Proof.
H is self-financing

= Hy St =Hyy1-S¢ t=0,...,T—1,

= S't = St
& -2 =f.,-2t t=o0,...,T-1,
t 9 t+1 &y
so (i) is equivalent to (ii). Moreover, for all t =0,...,7 — 1 we have

He Xt = Hipr - Xt © Hipr - Xop1 — He - Xe = Hepr - (X1 — Xt) = Hepr (X1 — Xt
This is equivalent to
t
Vi—Vo=Y Hs(Xs—Xs-1), t=1,...,T,
s=1

and the claim follows. O



Self-financing trading strategy

Starting with initial capital V5 and a d-dimensional trading strategy H (risky
holdings), we can uniquely determine a self-financing strategy H in (d + 1) dimensions
by choosing

HYy — HY = —(Hep1 — Hy) - Xo

and H? = Vo — H1 - Xo. In what follows, when we speak of a self-financing strategy
H, we mean exactly this unique extension H.



Arbitrage

We now come to the key concept of arbitrage. Roughly speaking, an arbitrage is a
way to make a profit without risk. Such opportunities might exist in real markets for
short periods of time, but it would be highly undesirable if our model allowed arbitrage
systematically: market participants could exploit the model and generate risk-free
profits at our expense. So we start with a precise definition.



Definition
An arbitrage is a self-financing trading strategy H such that for the associated
(discounted) value process V' we have
(i) Vo <0,
(if) Vo >0, and
(iii)y P(Vp > 0) > 0.
A financial market in which no arbitrage exists is called arbitrage-free.



Proposition

A financial market is arbitrage-free if and only if every one-period market (St, St+1),
t=0,...,T —1, is arbitrage-free.



Proof.
We prove the equivalence via the contrapositive statements: an arbitrage exists if and
only if there exist a t € {1,...,T} and an Z;-measurable random vector ¢ € R? such

that
£-AXy >0 P-as. and P(¢-AX: > 0) > 0.



Proof.
We prove the equivalence via the contrapositive statements: an arbitrage exists if and
only if there exist a t € {1,...,T} and an Z;-measurable random vector ¢ € R? such

that
£-AXy >0 P-as. and P(¢-AX: > 0) > 0.

(=) Let H be an arbitrage with value process V. Define
t:=min{s€{1,...,7}: Vs >0and P(Vs >0) >0},

with the convention min () = co. Then ¢ < T since H is an arbitrage. Either V;_1 =0
or P(Vz—1 < 0) > 0. In the first case,

H (Xt — X 1)=V—Ve1 =W,

so £ = H,; satisfies the desired properties.



Proof.

We prove the equivalence via the contrapositive statements: an arbitrage exists if and
only if there exist a t € {1,...,T} and an Z;-measurable random vector ¢ € R? such
that

£-AXy >0 P-as. and P(¢-AX: > 0) > 0.

(=) Let H be an arbitrage with value process V. Define
t:=min{s€{1,...,7}: Vs >0and P(Vs >0) >0},

with the convention min () = co. Then ¢ < T since H is an arbitrage. Either V;_1 =0
or P(Vz—1 < 0) > 0. In the first case,

H (Xt — X 1)=V—Ve1 =W,

so £ = H,; satisfies the desired properties.
In the second case, set £ := H¢l(y, | <o}. Then £ is F;_1-measurable and

- (Xe —Xi—1)= (Ve = Ve—1)lyv,_ <0y 2 —Vic1l(y,_ <0y 2 0.

The right-hand side is strictly positive with positive probability, hence £ also satisfies
the conditions. O



Proof.
(<) Conversely, suppose £ is an .Z;-measurable random vector such that £ - AX; > 0
and P(§- AX¢ > 0) > 0. Define

Hs{£ for s = t,

0 otherwise.

We construct a self-financing strategy H with Vy = 0 such that
Vr =€ (Xt — X¢-1),

which is then an arbitrage. O



Definition

A stochastic process M is called a Q-martingale if:
(i) M is adapted,

(i) Eq[|M¢]] < oo fort=0,...,T,

(i) Ms = Eqg[M; | Fs] for 0 <s <t <T.



Definition

A stochastic process M is called a Q-martingale if:
(i) M is adapted,

(i) EQ[|Mi]] < oo fort=0,...,T,

(i) Ms = EQ[My | Fs] for0<s<t<T.

At this point we have to admit a technical detail: so far we only introduced
conditional expectation Eq[M; | %s] on discrete probability spaces. The general
definition is not much harder, but proving existence requires more work (for example
using the Radon—Nikodym theorem).



Definition
A probability measure @ on (€2,.%r) is called a martingale measure if the discounted
price process X is a Q-martingale.



Definition
A probability measure @ on (€2,.%r) is called a martingale measure if the discounted
price process X is a Q-martingale.

Definition
The measure Q is called absolutely continuous with respect to P (written @ < P) on
Fr if
P(F)=0 = Q(F)=0 VFe€Z%r.
The measures P and @ are called equivalent (written P ~ Q) if Q < P and P < Q.



Proposition
Assume Fo = {0,Q2}. Then the following are equivalent:
(i) @ is a martingale measure.

(ii) For every bounded, self-financing trading strategy H, the value process VH jsa
Q-martingale.

(iii) For every self-financing trading strategy H with EQ[(V{{)*} < 00, the value
process VH is a Q-martingale.

(iv) For every self-financing trading strategy H with Vi = VTEI > 0 we have

Vo = Eq[Vr].



This result is somewhat technical: to obtain the martingale property one always needs
suitable integrability assumptions. Here, several convenient criteria are derived; in
particular, the last one is important (especially when thinking about arbitrage
strategies).

(We will skip the proof in the lecture.)



The Fundamental Theorem

We denote by .#.(F) = ./, the set of equivalent F-martingale measures.

Theorem

A market is arbitrage-free if and only if an equivalent martingale measure exists. In

this case, there exists some Q* € .#. with bounded density dQP .



The Cox—Ross—Rubinstein Model

>
»

>

This important example is a binomial model with multiple time periods.

It is somewhat surprising how well the central questions of financial mathematics
can already be illustrated using bi- and trinomial models.

Moreover, via convergence in distribution one can obtain the Black—Scholes
model as a limit, and in this way also derive certain formulas. However, one
should keep in mind that properties such as absence of arbitrage, existence of
hedging strategies, fair pricing rules, etc. do not necessarily carry over under
convergence. We will not discuss this issue further here.



We assume that the bank account satisfies
SY = (1+r) t=0,...,T,

with the condition » > —1. Thus S° is deterministic, hence not random.



We assume that the bank account satisfies
SY = (1+r) t=0,...,T,
with the condition » > —1. Thus S° is deterministic, hence not random.

Moreover, let d = 1, and we write S1 = S for short. For the stock price S we assume
t
St:SOH&G t=1,...,T.
i=1

Here &1, ..., & are random variables with &; € {1 + u, 1+ d}, where we require
—1<d<u. Weassume P(§; =1+ u) € (0,1) fori =1,...,T. The associated
filtration is defined by

Fy =0(S1,...,5%), t=0,...,7T.



Proposition

The CRR model satisfies (NA) if and only if d < r < w. Under Q the variables (&;)
are i.i.d. with Q(&s =1+ u) = T_Z fort=1,...,T.

U—
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The result is a bit surprising, because ...



Proposition

The CRR model satisfies (NA) if and only if d < r < w. Under Q the variables (&;)
are iid. with Q& = 1+u) = 2=% fort =1,...,T.

The result is a bit surprising, because ...

In fact, in this model we even obtain the converse direction of the FTAP: under NA
we can explicitly construct a martingale measure. This is possible here because
everything can be computed directly.



Proof.
We compute the equivalent martingale measure. It will turn out that there can be at
most one. The martingale condition means that

St—1

St
EQ[S*?‘f/\t_l]zsgl, t=1,...,T.

Now we can make excellent use of the multiplicative structure and see that this is
equivalent to




Proof.

Since &; can take only two values, we obtain the following necessary and sufficient
condition for NA:

1+u 1+d

=1 Fy_ =1+d| F— =1,
Q& +u | F 1)1+T+Q(§t +d|F 1)1+r
14+u 1+d
& Q& =1+u| F—1) +(1-Q&=1+u|Ft1)— =1,
1+ 1+r
1+uw 1+d 1+d
e =1 Fy_ = =1— ,
Q& tul 1)(1—4-7' 1+r> 1+7r
r—d
< Qé=1+u|F)= .
u—d

First we observe that Q(§t = 1 + u | #¢—1)(w) is deterministic, i.e. it cannot depend
on w. Although this may be the case under P, it follows that under @ the variables
(&;) are independent and in fact identically distributed. Moreover, in order to obtain
equivalence we must have

r—d

u—d
that is, d < r < w. If this condition is not satisfied, then no equivalent martingale
measure can exist, hence there is arbitrage. O

€ (0,1),



The Black—=Scholes Formula

Probably the best-known example in option pricing is the famous formula by Fischer
Black and Myron Scholes for valuing a European call option.



The Black—=Scholes Formula

Probably the best-known example in option pricing is the famous formula by Fischer
Black and Myron Scholes for valuing a European call option.
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Y Swedish
Nobel 1997
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Summary M REARSAKIDEMEE
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14 October 1997

Robert C. Merfon
My Schole

ron scholes The Royal Swedish Academy of Sciences has decided to award the Bank of Sweden

Press release Prize in Economic Sciences in Memory of Alfred Nobel, 1997, to

Advanced information

Professor Robert C. Merton, Harvard University, Cambridge, USA and
Award ceremony speech Professor Myron S. Scholes, Stanford University, Stanford, USA

Share this for a new method to determine the value of derivatives.

@

Robert C. Merton and Myron S. Scholes have, in collaboration with the late Fischer
Black, developed a pioneering formula for the valuation of stock options. Their
. It has also

methodology has paved the way for economic valuations in many area
generated new types of financial instruments and facilitated more efficient risk
management in society.



The Black-Scholes formula
Black and Scholes’ formula for a European call option can be written as

C=SN(d)-Le ""N(d —o+1)

where the variable d is defined by

According to this formula, the value of the call option C, is given by the difference
between the expected share value — the first term on the right-hand side — and the
expected cost — the second term — if the option right is exercised at maturity. The
formula says that the option value is higher the higher the share price today S, the
higher the volatility of the share price (measured by its standard deviation) sigma, the
higher the risk-free interest rate r, the longer the time to maturity ¢, the lower the



The Pricing of Options and Corporate
Liabilities

Fischer Black

University of Chicago

Myron Scholes

Massachusetts Institute of Technology

If options are correctly priced in the market, it should not be possible
to make sure profits by creating portfolios of long and short positions
in options and their underlying stocks. Using this principle, a theo-
retical valuation formula for options is derived. Since almost all cor-
porate liabilities can be viewed as combinations of options, the formula
and the analysis that led to it are also applicable to corporate liabilities
such as common stock, corporate bonds, and warrants. In particular,
the formula can be used to derive the discount that should be applied



Substituting from equation (12) into equation (9), and simplifying, we
find:
w(x,t) = aN(dy) — ce”'"tIN(dy)

Inx/c 4 (r+%v2)(t* — )

d, = 13
! n/t* —t (13)

Inx/c + (r — %—- 2) (t* — ¢t)
AV

In equation (13), N(d) is the cumulative normal density function.

Note that the expected return on the stock does not appear in equation
(13). The option value as a function of the stock price is independent
of the expected return on the stock. The expected return on the option,
however, will depend on the expected return on the stock. The faster the
stock price rises, the faster the option price will rise through the functional
relationship (13).

dg:

This equation was originally derived using the heat equation, but here we will follow a
more probabilistic argument.



Since this is a right (and not an obligation), its value is always greater than or equal
to zero. The payoff at time T is

(St — K)* = max{St — K, 0}.

Using the risk-neutral pricing formula we can determine a price. So assume we are in
the setting of (6); that is, under an equivalent martingale measure @ we have

2
St = Sp exp ((r — %)T—l— O'WT),

with W ~ (0, T). Then the price of the European call is given by

7@ = Eg e (St — K)T].



Proposition

The value of the European call in the Black—Scholes model is

2
log =20 + 2T
7rCal/ — SOq)(dl) _ KeirTQ(dz)y d1/2 _ S Ke—rT 2

s )



Proof

To compute this expectation, we proceed as follows. We define

efrT 02 \/»
o= ::lnSoJr(rf—)T, G:=0oVT,
V2mwo2T K 2
and obtain
[e'e) _ 2
EQ[e—rT(ST_K)-‘r] :a/ (em_K)“’OXp _M) dx
oo 252
o) _ 2 ) _ 2
:a/ e” exp (7%) dr — Ka exp (7%) dx .
In K 26 In K 26

=:I =I5



We now compute the integral I1. By completing the square, we can rewrite the
integrand as the product of a normal density and a constant correction factor. The
integrand in I has the form exp(A(z)) with

(x — p)? —26%x + x2 — 2ux + p?
AMz) = x-— — = - po
252 262
2
(w —(p+ 52)) + <M2 —(p+ 52)2)
- 252
2 2
(;p —(InSo+ (r+ %)T))

= - 202 + (InSo + rT),

where the last equality follows by inserting  + 62 = In Sp + (r + %)T and

(2 —p? _ &

252 :qu?:lnSoJrrT.



Using ae

In So+rT _ 1
V2ro2T

L = ——
V2ro2T Jin

So we obtain

2 2
@ — (InSo + (r + %)T))

So ooexp<(
K

202T

Iz

(®)



~ 2
Consider Z ~ JV(ln So+ (r+ Z)T, a2T). Then

Z—1InSo — (r+02/2)T
oVT

~ N(0,1),

and equation (8) can be written as

I

where we

= SQ(Z>InkK)
7 —InSo — (r + o2 nK —InSy — (r + o2

_ SOQ<Z 1500\;?+ /AT _ K 15(;¢T(+ /2)T>
~— n —(r (72

_ SOQ<Z 1 som(ﬁ+ /2)T>d1>

= So(1—®(—d1)) = So®(d1),

used the symmetry of the standard normal distribution. The computation of

the integral I3 is analogous; in fact, one can even avoid completing the square there.



Further interesting topics

In Freiburg we currently work on a number of interesting topics in this area:

>

v

Uncertainty - when P is not known precisely, but replaced by a family &
(Knightian uncertainty) for example Fadina, Neufeld, Schmidt and Sester,
Liitkebohmert, Schmidt (Quantitative Finance, 2022)

Insurance-Finance markets (Artzner, Eisele, Schmidt, Mathematical Finance
2024)

Interest rate markets (with overnight effects), (Grbac, Fontana, Schmidt,
Mathematical Finance 2024)

Estimating risk measures
and application of ML to Finance

and regulation of Al and other technologies
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