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Inequalities

For a nonlinear function, in general,

E[g(X)] ̸= g(E[X]).

For convex (concave) g, one at least has an inequality.



Proposition (Jensen’s inequality)

Let X be a random variable with E[|X|] < ∞ and let g be convex. Then

E[g(X)] ≥ g(E[X]).



Proof.
A real-valued function is called convex if for Sei x → ℓ(x) the supporting line of g at
x0 = E[X]. Then

g(E[X]) = ℓ(E[X])

= E[ℓ(X)] (linearity)

≤ E[g(X)] (monotonicity)



Proposition (Generalized Chebyshev inequality)

Let the function g ≥ 0 be nondecreasing. Then for every c with g(c) > 0 we have

P (X ≥ c) ≤
E[g(X)]

g(c)
.



Proof.
First note that for any c with g(c) > 0,

1{x≥c} ≤
g(x)

g(c)
∀x ∈ R.

By monotonicity of the expectation we obtain

P (X ≥ c) = E[1{X≥c}] ≤ E

[
g(X)

g(c)

]
,

and the proof is complete.



Markov inequality

As special cases we obtain two important inequalities. For the following we need to
have E[X] = +∞ when X is not integrable.

Proposition

For any real-valued random variable X and any c > 0,

P (|X| > c) ≤
E[|X|]

c
.

We obtain the result using Applying g(x) = x+ = max(x, 0) to Y = |X|.
In particular, if E[|X|] = 0, then

P (X = 0) = P
( ∞⋂

n=1

{
|X| ≤

1

n

})
= lim

n
P
(
|X| ≤

1

n

)
= 1.
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Chebyschev’s inequality

Again, if X is not square-integrable we define V ar(X) = +∞.

Proposition

For any real-valued random variable X and any c > 0,

P (|X − E[X]| > c) ≤
Var(X)

c2
. (1)

The proof follows by considering Y = |X − E[X]| and apply g(x) = (x+)2.
In particular, if Var(X) = 0, then X is almost surely constant.
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Chapter: convergence

We now come to the convergence of random variables.

An important tool in statistics is to let the sample size tend to infinity. It will turn out
that this trick allows us to control randomness very precisely and to make sharp
statements. The key tools are the following limit theorems.
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The laws of large numbers

We consider a fixed probability space (Ω,A , P ). First of all, random variables are
functions. It is natural to apply the familiar notion of pointwise convergence of
functions, i.e. the sequence (Xn) converges to X if

lim
n→∞

Xn(ω) = X(ω)

for all ω ∈ Ω. The following example shows that this notion is too strong.



Convergence for coin tosses

If we have independent and identically distributed (i.i.d.) coin tosses (Xn), we expect
that 1

n

∑
Xn → 1

2
. However, if we toss only heads (Xn(ω) = 1, ω ∈ Ω), then

1
n

∑
Xn(ω) = 1. The same happens if we toss tails only finitely many times. But

these events have probability zero, which motivates the following notion of
convergence, “almost sure.”



Definition
For random variables Z,Z1, Z2, . . . we define:

(i) convergence in probability Zn
P→ Z, if P (|Zn − Z| > ϵ) → 0 for all ϵ > 0

(ii) almost sure convergence Zn → Z a.s., if

P ({ω ∈ Ω : limZn(ω) = Z(ω)}) = 1.



Proposition

The following statements hold:

(i) Almost sure convergence implies convergence in probability.

(ii) If
∑
n

P (|Zn − Z| > ϵ) < ∞ ∀ϵ > 0, then Zn → Z almost surely.



We obtain:

Corollary

If Zn
P→ Z, then there exists a subsequence Zn(j) which converges to Z almost surely.



Proof.
Choose n(j) such that P

(
|Zn(j) − Z| ≥ 1

j

)
≤ 1

j2
. The claim follows from part (ii) of

the previous theorem.



Proof of Theorem 12.
Part (i): First observe that

1 = P ( lim
n→∞

Zn = Z) = P
( ⋂

ϵ>0

⋃
n≥1

⋂
k≥n

{|Zk − Z| ≤ ϵ}
)
. (2)

The sets
⋂

k≥n{|Zk − Z| ≤ ϵ} are increasing in n and in ϵ, which we now exploit. By

σ-continuity of P (Theorem ??), (2) is equivalent to

1 = P
( ⋃

n≥1

⋂
k≥n

{|Zk − Z| ≤ ϵ}
)

(3)

for all1 ϵ > 0. A second application of σ-continuity yields that (2) is equivalent to

lim
n→∞

P
( ⋂

k≥n

{|Zk − Z| ≤ ϵ}
)
= 1 ∀ϵ > 0.

Hence,

0 = lim
n→∞

P
( ⋃

k≥n

{|Zk − Z| > ϵ}
)
≥ lim

n
P (|Zn − Z| > ϵ),

which is precisely convergence in probability.

1Indeed: If 1 = P (∩ϵ>0Aϵ) and Aϵ ⊃ Aϵ′ for ϵ > ϵ′, then 1 = P (∩n≥1An−1 ) = limn P (A
n−1 ).

Since limn P (A
n−1 ) ≤ P (A

n′−1 ) for all n′ ≥ 1, it follows that 1 = P (A
n−1 ) for all n ≥ 1, and hence

1 = P (Aϵ) for all ϵ > 0.



Proof.
Part (ii): For fixed ϵ > 0, Borel–Cantelli (Lemma ??) implies

∞∑
n=1

P (|Zn − Z| > ϵ) < ∞ ⇒ P
( ⋂

n≥1

⋃
k≥n

{|Zk − Z| > ϵ}
)
= 0.

The complement is

P
( ⋃

n≥1

⋂
k≥n

{|Zk − Z| ≤ ϵ}
)
= 1.

Since ϵ was arbitrary, the equivalence (3) yields almost sure convergence.



Convergence in probability does not imply almost sure convergence

Consider Borel sets (An) under the uniform distribution on [0, 1] and the sequence of
random variables (1An ). This sequence converges in probability to 0 if and only if
P (An) → 0. Indeed, for 0 < ϵ < 1 we have P (1An > ϵ) = P (An).
For a counterexample, consider the intervals

Xn,j =
[ j − 1

n
,
j

n

]
, 1 ≤ j ≤ n,

and construct a sequence (Yn) of random variables by, starting with n = 1, first fixing
n and running through all j = 1, . . . , n, then increasing n by one, and so on. By the
remark above, this sequence converges in probability to 0. However, lim supYn = 1
and lim inf Yn = 0, so almost sure convergence cannot hold. If one chooses the
subsequence (Xn,1), one even obtains almost sure convergence.



Repetition

Proposition (Jensen’s inequality)

Let X be a random variable with E[|X|] < ∞ and let g be convex. Then

E[g(X)] ≥ g(E[X]).

Proposition (Markov inequality)

For any real-valued random variable X and any c > 0,

P (|X| > c) ≤
E[|X|]

c
.

Proposition (Chebychev inequality)

For any real-valued random variable X and any c > 0,

P (|X − E[X]| > c) ≤
Var(X)

c2
.



Convergence

Definition
For random variables Z,Z1, Z2, . . . we define:

(i) convergence in probability Zn
P→ Z, if P (|Zn − Z| > ϵ) → 0 for all ϵ > 0

(ii) almost sure convergence Zn → Z a.s., if

P ({ω ∈ Ω : limZn(ω) = Z(ω)}) = 1.

Proposition

The following statements hold:

(i) Almost sure convergence implies convergence in probability.

(ii) If
∑
n

P (|Zn − Z| > ϵ) < ∞ ∀ϵ > 0, then Zn → Z almost surely.

We can choose a subsequence of a stochastically converging sequence which converges
almost surely.



Under independence we have the following very useful result.

Lemma (Bienaymé)

Let X1, . . . , Xn be independent with E[X2
i ] < ∞. Then

Var
( n∑

i=1

Xi

)
=

n∑
i=1

Var(Xi). (4)



Proof.
By induction it suffices to show that

Var(X + Y ) = E[(X − E[X] + Y − E[Y ])2]

= E[(X − E[X])2] + E[(Y − E[Y ])2] + 2E[(X − E[X])(Y − E[Y ])]

= Var(X) + Var(Y ),

since E[(X − E[X])(Y − E[Y ])] = 0 by independence.

We may remark, that we have not shown that

E[XY ] = E[X] · E[Y ]

in the setting for general random variables, but only for countable ones. The more
general result requires some measure theory.

If we revisit the proof, what can we see?
...
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Weak law of large numbers

Proposition (Weak law of large numbers)

Let X1, X2, . . . be independent and identically distributed with Var(Xi) < ∞. Then

1

n

n∑
i=1

Xi
P→ E[X1].

The law of large numbers has a long history. For binary random variables it was
proved by Jacob Bernoulli in the famous Ars Conjectandi. Poisson coined the name
law of large numbers, while Bernoulli called it the golden theorem.
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The proof is surprisingly easy. What do we need ?

Proof.
By Chebyshev’s inequality,

P
(∣∣∣ 1

n

n∑
i=1

Xi − E[X1]
∣∣∣ > ϵ

)
≤

Var( 1
n

∑
Xi)

ϵ2
=

∑n
i=1 Var(Xi)

n2 · ϵ2
=

Var(X1)

n · ϵ2
→ 0,

(5)

and the claim follows.
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Remark
For the central formula (4) one does not strictly need the (Xi) to be independent; it
suffices that they are uncorrelated, i.e. that E[(Xi − E[Xi])(Xj − E[Xj ])] = 0 for all
i ̸= j.

Thus the weak law of large numbers already holds for uncorrelated and identically
distributed (Xi). We can even go a step further: it suffices to have

Xn
1 , . . . , X

n
n , n ≥ 1

which are uncorrelated, having the same expectation and
∑n

i=1 Var(X
n
i ) = o(n2).

Then
n∑

i=1

Xn
i

P→ E[X1].



The Weierstrass approximation theorem

As an application of the law of large numbers we prove this important theorem —
polynomials are dense in the set of continuous functions on compact sets.

We consider the interval [0, 1] and the continuous functions C[0, 1], equipped with the
supremum norm ∥f∥∞= supx∈[0,1] |f(x)|. The Bernstein polynomials are defined by

Bn,k(x) =
(n
k

)
xk(1− x)n−k, x ∈ [0, 1], k = 0, . . . , n. (6)

The approximation of a (uniformly) continuous function f by Bernstein polynomials is
given by

Bf
n(x) =

n∑
k=0

f
( k

n

)
Bn,k(x).

The key step of our proof is the following observation:

Bf
n(x) = E

[
f
(Sn

n

)]
,

where Sn is the sum of i.i.d. Bernoulli variables with success parameter x ∈ (0, 1).
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The law of large numbers then yields Sn/n → x. More precisely, Jensen’s inequality
gives

|Bf
n(x)− f(x)| =

∣∣E[f(Sn/n)]− f(x)
∣∣

≤ E
[
|f(Sn/n)− f(x)|

]
. (7)

In the next step we use the (in fact uniform!) continuity and split the supremum into
the cases |u− v| ≤ δ and |u− v| > δ:

(7) = E
[
1{|Sn/n−x|≤δ}|f(Sn/n)− f(x)|

]
+ E

[
1{|Sn/n−x|>δ}|f(Sn/n)− f(x)|

]
≤ sup

|u−v|≤δ
|f(u)− f(v)| · P (|Sn/n− x| ≤ δ) + 2 ∥ f ∥∞ ·P (|Sn/n− x| > δ).

By uniform continuity of f , for each ϵ > 0 we can find δ > 0 such that
sup|u−v|≤δ |f(u)− f(v)| ≤ ϵ (and hence the entire first term). The weak law of large

numbers yields, for each ϵ′ > 0, an n0 such that for all n ≥ n0,
P (|Sn/n− x| > δ) ≤ ϵ′. Since ϵ and ϵ′ were arbitrary, it follows that

|Bf
n(x)− f(x)| → 0 as n → ∞.

With a bit more work we also find uniform convergence (see script).
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Do we perhaps also obtain almost sure convergence? Under the assumption that
second moments exist, the following statement follows directly.

Proposition (Strong law of large numbers)

Let X1, X2, . . . be independent and identically distributed with Var(Xi) < ∞. Then

1

n

n∑
i=1

Xi −→ E[X1] a.s.



Proof.
Without loss of generality we may assume that X ≥ 0 (decompose X = X+ −X−

and prove the statements separately). This yields an important monotonicity in
Sn =

∑n
i=1 Xi.

First, (5) together with Theorem 12 (ii) implies that the subsequence Sn2/(n2)
converges almost surely to E[X1].
For the remaining k with n2 < k < (n+ 1)2 we obtain the following upper and lower
bounds: Since Sk ≥ Sn2 , it follows that

Sk

k
≥

Sn2

(n+ 1)2
=

n2

(n+ 1)2
Sn2

n2
,

and
Sk

k
≤

S(n+1)2

n2
=

S(n+1)2

(n+ 1)2
(n+ 1)2

n2
.

Both the upper and the lower bound converge almost surely (by the observation
above) to E[X1], and the claim follows.
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A necessary and sufficient condition for the strong law of large numbers in this form is
merely the assumption E[|X1|] < ∞, which was proved by Kolmogorov (see Script for
further references).

Theorem (Strong law of large numbers)
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▶ We will study the proof of this result in detail in our next lecture, Probability
Theory. The powerful tools needed for it will also be presented and developed
there.

▶ Already now, one wonders what happens if the assumption E[|X1|] < ∞ no
longer holds—for instance for a Cauchy distribution. Then the variation of the
random variables is so large that the mean becomes too sensitive to extreme
deviations and no longer converges.

▶ One must either truncate the mean above and below, or use the median—the
middle value of the data. Indeed, under minimal assumptions convergence of the
median is guaranteed (references - see script). Using the median or the ranks of
the data is a central concept of nonparametric and robust statistics.
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The (standard) Cauchy distribution has density c · 1

1+x2 .

▶ One must either truncate the mean above and below, or use the median—the
middle value of the data. Indeed, under minimal assumptions convergence of the
median is guaranteed (references - see script). Using the median or the ranks of
the data is a central concept of nonparametric and robust statistics.
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The central limit theorem

So far we have been mainly interested in the convergence of random variables, for
example convergence of the arithmetic mean to the expectation. In this chapter we
are instead interested in the fluctuations around the limit. To this end one rescales
with a different sequence and obtains a new type of convergence, convergence in
distribution (weak convergence).

A key point in the strong law of large numbers is that the variance vanishes as
n → ∞. We now consider, however, sequences of random variables for which
expectation and variance remain constant (0 and 1, respectively—so-called
standardized random variables). This is the case, for instance, for

S∗
n =

Sn − E[Sn]√
Var(Sn)

=
Sn − nE[X1]√

nVar(X1)
, (8)

where the last equality assumes identical distribution and independence and, as above,
Sn =

∑n
i=1 Xi.
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If we look at the distributions of random variables themselves, these are probability
measures on R equipped with the Borel σ-algebra B.

Definition
Let µ and µ1, µ2, . . . be probability distributions on (R,B). We say that µn

converges weakly to µ if ∫
f dµn →

∫
f dµ,

for all functions f : R → R which are continuous and bounded.



For a random variable X we write FX for the distribution of X. This leads to the
following definition:

Definition
Let X,X1, X2, . . . be random variables. We say that (Xn) converges in distribution
to X if FXn converges weakly to FX .

We write Xn
L−−→ X for convergence in distribution. Combining the two statements

above shows that this is equivalent to

E[f(Xn)] → E[f(X)]

for all f ∈ Cb(R) (all continuous and bounded functions on R).



Example

▶ µn = N (c, 1
n
) converged to the Dirac measure at c.,

▶ If µc,σ2 = N (c, σ2), then with the substitution y = σ−1(x− c) we obtain∫
f(x) dµc,σ2 =

∫
f(x)

1
√
2πσ2

e−
1
2
( x−c

σ
)2 dx =

∫
f(c+ σy)

1
√
2π

e−
y2

2 dy.

▶ Moreover, for µ = δc,∫
f(x) dµ = f(c) = f(c)

∫
1

√
2π

e−
y2

2 dy.

▶ Hence∫
f(x) dµn −

∫
f(x) dµ =

1
√
2π

∫ (
f(c+ n−1/2y)− f(c)

)
e−

y2

2 dy.

By the Lebesgue dominated convergence theorem this expression converges to 0
as n → ∞.

Now consider the distribution functions: the distribution function belonging to µn is
Fn(x) = Φ(

√
n(x− c)), while that of µ is F (x) = 1{x≥c}. Thus for x < c we have

Fn(x) → 0 = F (x) and for x > c we have Fn(x) → 1 = F (x), but not for x = c,
since Fn(c) = 1/2 whereas F (c) = 1.
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We write C∞
b (R) for the smooth and bounded functions on R with bounded

derivatives. A distribution µ has distribution function F given by F (x) = µ((−∞, x]).

Lemma
Let µ, µ1, µ2, . . . be probability distributions on (R,B) with distribution functions
F, F1, F2, . . . . Then the following are equivalent:

(i) (µn) converges weakly to µ,

(ii) Fn(x) converges to F (x) for every continuity point x of F ,

(iii)
∫
f dµn →

∫
f dµ for all f ∈ C∞

b (R).

The implication (i)⇒(iii) follows immediately from the Definition.
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b (R).

The implication (i)⇒(iii) follows immediately from the Definition.



Proof

We show (iii)⇒(ii): The idea is to approximate indicator functions by some
f ∈ C∞

b (R) and take limits.

Pick two points x and x+ δ: F (x) =
∫
1(−∞,x] dµ.

Choose f ∈ C∞
b (R) such that

1(−∞,x] ≤ f ≤ 1(−∞,x+δ].

Then

Fn(x) =

∫
1(−∞,x] dµn ≤

∫
f dµn,

F (x+ δ) =

∫
1(−∞,x+δ] dµ ≥

∫
f dµ.



Proof
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By assumption, since f ∈ C∞
b (R), we have

∫
f dµn →

∫
f dµ. Taking limits yields

lim sup
n→∞

Fn(x) ≤ lim
n→∞

∫
f dµn =

∫
f dµ ≤ F (x+ δ).

Repeating the argument analogously for x− δ and x with some f̃ ∈ C∞
b (R) gives

lim inf
n→∞

Fn(x) ≥ lim
n→∞

∫
f̃ dµn =

∫
f̃ dµ ≥ F (x− δ).

If F is continuous at x, then letting δ → 0 implies

F (x) ≤ lim inf
n→∞

Fn(x) ≤ lim sup
n→∞

Fn(x) ≤ F (x),

hence all inequalities are equalities and (ii) follows.



Finally we show (ii)⇒(i). The idea is to approximate a function f ∈ Cb(R) at
sufficiently many continuity points of F .

First, note that a distribution function, being increasing and bounded between 0 and
1, can have only countably many jumps (in fact, for each k it has only finitely many
jumps with height in (2−k, 2−(k+1)]).

Fix f ∈ Cb(R) and ϵ > 0. The approximation will take place on a compact interval,
and we first choose a suitable one. We can find an interval [a, b] with µ([a, b]) > 1− ϵ
(this follows because distribution functions tend to 0 and 1 as x → −∞ and x → ∞).

Since F has only countably many discontinuity points, we can choose a and b to be
continuity points.
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By (ii), there exists n0 such that for all n ≥ n0 the Fn are arbitrarily close to F ;
hence we can also find an interval (again choosing the endpoints as continuity points)
such that

inf
n≥n0

µn([a, b]) > 1− ϵ.

For the remaining finitely many indices we find such an interval as well, and taking a
union yields continuity points a and b of F such that

inf
n

µn([a, b]) > 1− ϵ, µ([a, b]) > 1− ϵ.

On this interval we now approximate f . Since f is uniformly continuous on [a, b],
there exists δ > 0 such that |f(x)− f(y)| < ϵ for all a ≤ x, y ≤ b with |x− y| < δ.
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Now choose m large enough and continuity points (xi) (of F ) with

a = x0 < x1 < · · · < xm = b and |xi − xi−1| < δ.

Define the approximation

fm(x) =
m∑
i=1

f(xi−1)1(xi−1,xi]
.

Then for x ∈ [a, b] we have |f(x)− fm(x)| ≤ ϵ. For x /∈ [a, b] we have
|f(x)− fm(x)| = |f(x)| ≤ supx |f(x)|.



Hence ∣∣∣ ∫ (f − fm) dµn

∣∣∣ ≤ ∣∣∣ ∫ b

a
(f − fm) dµn

∣∣∣+ µn([a, b])

≤ ϵ+ ϵ sup
x

|f(x)| = ϵ
(
1 + sup

x
|f(x)|

)
.

The same bound holds if we replace µn by µ. Since the (xi) are continuity points,
assumption (ii) implies∫

fm dµn =
m∑
i=1

f(xi−1)
(
Fn(xi)− Fn(xi−1)

)
−−−−→
n→∞

∫
fm dµ.



Thus for n large enough we have
∣∣ ∫ fm dµn −

∫
fm dµ

∣∣ ≤ ϵ. Putting everything
together,∣∣∣ ∫ f dµn −

∫
f dµ

∣∣∣ ≤ ∣∣∣ ∫ (f − fm) dµn

∣∣∣+ ∣∣∣ ∫ fm dµn −
∫

fm dµ
∣∣∣+ ∣∣∣ ∫ (f − fm) dµ

∣∣∣
≤ ϵ

(
3 + 2 sup

x
|f(x)|

)
.

Since ϵ was arbitrary, the claim follows.



We are now in a position to state and prove the central limit theorem.

Proposition

Let (Xi)i≥1 be i.i.d. with Var(Xi) < ∞. Then S∗
n converges in distribution to a

standard normal distribution.

Recall that S∗
n was introduced in (8). In what follows we set m = E[X1] and

σ2 = Var(X1). Then the statement of the theorem is that for all x ∈ R,

lim
n→∞

P

(
1
√
n

n∑
i=1

Xi −m

σ
≤ x

)
= Φ(x).

We prove this theorem with the help of a much more general result about so-called
triangular arrays. Condition (iii) is the famous Lindeberg condition. For the following
theorem we use (8) with Sn =

∑n
i=1 Xi,n (for simplicity using the same notation).
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Proposition (Lindeberg)

Let (Xn,i)1≤i≤n, n∈N be random variables such that

(i) for each n, the variables Xn,1, . . . , Xn,n are independent,

(ii) for all n, i we have E[Xn,i] = 0, Var(Xn,i) < ∞, and for each n,∑n
i=1 Var(Xn,i) = 1,

(iii) for all ϵ > 0,

lim
n→∞

n∑
i=1

E
(
X2

n,i 1{|Xn,i|>ϵ}
)
= 0.

Then S∗
n converges in distribution to a standard normal distribution.



The proof uses, going back to Lindeberg, a clever successive replacement of the Xn,i

by independent normal random variables Yn,i with the same moments. Define

Zn,i = Xn,1 + · · ·+Xn,i−1 + Yn,i+1 + · · ·+ Yn,n, (9)

then

f
( n∑

i=1

Xn,i

)
− f

( n∑
i=1

Yn,i

)
=

n∑
i=1

[
f(Zn,i +Xn,i)− f(Zn,i + Yn,i)

]
, (10)

and we can focus on the simpler terms

f(Zn,i +Xn,i)− f(Zn,i + Yn,i).

To handle them we use a suitable Taylor expansion of f .



Lemma
For f ∈ C3

b (R) and every ϵ > 0 we have

|f(z + x)− f(z)− f ′(z)x−
1

2
f ′′(z)x2| ≤ const · |x|3, (11)

|f(z + x)− f(z)− f ′(z)x−
1

2
f ′′(z)x2| ≤ const ·

(
ϵx2 + x21{|x|>ϵ}

)
. (12)



Proof.
We apply Taylor’s formula in different ways. A third-order Taylor expansion gives

|f(z + x)− f(z)− f ′(z)x−
1

2
f ′′(z)x2| ≤

∣∣∣1
6
f ′′′(z + θx)x3

∣∣∣
for some θ ∈ [0, 1]. Since f ′′′ is bounded, this yields (11).



Proof.
Alternatively, a second-order expansion implies

|f(z + x)− f(z)− f ′(z)x−
1

2
f ′′(z)x2| ≤

1

2

∣∣f ′′(z + θx)− f ′′(z)
∣∣x2,

again for some θ ∈ [0, 1]. Boundedness of the second derivative gives an upper bound
of the form const · x2. Combining both estimates yields

1{|x|≤ϵ}|x|3 + 1{|x|>ϵ}x
2

as an upper bound. Finally,
1{|x|≤ϵ}|x|3 ≤ ϵx2,

which gives (12).



Set
σ2
n,i = Var(Xn,i).

Remark (The Lindeberg condition)

Condition (iii) in Theorem 21 forces the variance of Xn,i becoming arbitrarily small
(and hence the Xn,i themselves because they have expectation zero.

Indeed, for every ϵ > 0,

max
i

σ2
n,i ≤ max

i

(
ϵ2 + E[X2

n,i1{|Xn,i|>ϵ}]
)
≤ ϵ2 +

n∑
i=1

E[X2
n,i1{|Xn,i|>ϵ}]. (13)

Thus (iii) implies max1≤i≤n σ2
n,i → 0 as n → ∞.



We also use a further property of the normal distribution.

Remark (Third absolute moment of the normal distribution)

Show that for X ∼ N (0, 1) we have

E[|X|3] =
√

8

π
.

which can be solved as an exercise.



Proof of Theorem 21

We use the notation σ2
n,i = Var(Xn,i) = E[X2

n,i] and apply Lemma 19(iii). Let

f ∈ C∞
b (R). As indicated above, choose Yn,i independent of

Xn,1, . . . , Xn,i−1, Yn,i+1, . . . , Yn,n

and Yn,i ∼ N (0, σ2
n,i). Define (Zn,i) as in (9). A Taylor expansion of f around Zn,i

yields

f(Zn,i +Xn,i)− f(Zn,i + Yn,i) = f ′(Zn,i)(Xn,i − Yn,i) +
1

2
f ′′(Zn,i)(X

2
n,i − Y 2

n,i)

+R(Zn,i, Xn,i)−R(Zn,i, Yn,i).

Hence∣∣E[f(Zn,i +Xn,i)]− E[f(Zn,i + Yn,i)]
∣∣

≤
∣∣E[

f ′(Zn,i)(Xn,i − Yn,i)
]∣∣+ 1

2

∣∣E[
f ′′(Zn,i)(X

2
n,i − Y 2

n,i)
]∣∣

+ E
[
|R(Zn,i, Xn,i)|

]
+ E

[
|R(Zn,i, Yn,i)|

]
=: (1) + (2) + (3) + (4).
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+ E

[
|R(Zn,i, Yn,i)|

]
=: (1) + (2) + (3) + (4).



By independence and Lemma 22 we obtain

(1) ≤ const ·
∣∣E[Xn,i]− E[Yn,i]

∣∣ = 0,

(2) ≤ const ·
∣∣E[X2

n,i]− E[Y 2
n,i]

∣∣ = 0,

(3) ≤ const ·
(
ϵσ2

n,i + E[X2
n,i1{|Xn,i|>ϵ}]

)
,

(4) ≤ const · E[|Yn,i|3] = const ·
√

8

π
σ3
n,i.



Summing and using (10) yields

∣∣∣E[
f
( n∑

i=1

Xn,i

)
− f

( n∑
i=1

Yn,i

)]∣∣∣
≤ const ·

(
ϵ

n∑
i=1

σ2
n,i +

n∑
i=1

E[X2
n,i1{|Xn,i|>ϵ}] + max

i
σn,i ·

n∑
i=1

σ2
n,i

)
.

Since
∑n

i=1 σ
2
n,i = 1, condition (iii) holds, and maxi σn,i → 0 by (13), this bound

converges to const · ϵ as n → ∞, and the claim follows.



Convergence of the median

The median is an alternative estimator for the mean which, in particular, exhibits
robust behavior in the presence of outliers (in contrast, for example, to the arithmetic
mean). Moreover, it plays an important role in nonparametric statistics. Using
Lindeberg’s theorem we can also derive an asymptotic result for the sample median.

The median of a distribution function F is F−1(1/2). If F is constant in a
neighborhood of this point, then there are several ways to define the median, for
instance by averaging the two neighboring values. We consider X1, X2, . . . i.i.d. ∼ F
with median M = 0 and assume that F ′(0) > 0.



We introduce the sample median as an estimator of the median as follows: we sort
X1, . . . , Xn in increasing order and denote the order statistics by

X1:n ≤ · · · ≤ Xn:n.

The sample median is defined by

Zn = Xk:n

with2 k = ⌊n/2 + 1⌋.

2Here ⌊x⌋ denotes the integer part of x.



The empirical distribution

In the background of this choice there is a particular useful tool in nonparametric
statistics: the empirical distribution.

Consider i.i.d. data X1, . . . , Xn. Then it makes sense to distribute the same weight to
each data point and therefore consider

Fn =
n∑

i=1

1

n
δXi

.

We can compute the cumulative distribution function and obtain with F−1
n (1/2) the

median.



The empirical distribution

In the background of this choice there is a particular useful tool in nonparametric
statistics: the empirical distribution.

Consider i.i.d. data X1, . . . , Xn. Then it makes sense to distribute the same weight to
each data point and therefore consider

Fn =
n∑

i=1

1

n
δXi

.

We can compute the cumulative distribution function and obtain with F−1
n (1/2) the

median.



Proposition

Let X1, . . . , Xn be independent. Then, we have that

√
nZn

L−→ N (0, 1
(2F ′(0))2

). (14)



Proof

Fix x ∈ R and set Yn,i = 1{Xi>x/
√
n}. Then

√
nZn ≤ x ⇔ Xk:n ≤

x
√
n

⇔
n∑

i=1

Yn,i ≤ n− k. (15)



Let pn = E[Yn,i] = 1− F (x/
√
n). Then Var(Yn,i) = pn(1− pn). We standardize and

consider

Xn,i =
Yn,i − pn√
n pn(1− pn)

. (16)

As above let Sn =
∑n

i=1 Xn,i. From (15) and (16) it follows that

√
nZn ≤ x ⇔ Sn ≤

n− k − npn√
npn(1− pn)

=: an.



Since F (0) = F (m) = F (F−1(1/2)) = 1/2 (and because F ′(0) > 0, F is invertible in
a neighborhood of 0), and since F (x/

√
n) = F (0) + F ′(0)x/

√
n +O(n−1), we obtain

an =
1√

pn(1− pn)

(n− k
√
n

−
√
npn

)
≈ 2 ·

(√
n

2
−

√
n
1

2
+ F ′(0)x

)
→ 2F ′(0)x.

Thus, for any fixed δ > 0 and all sufficiently large n,

P (Sn ≤ 2F ′(0)x− δ) ≤ P (Sn ≤ an) = P (
√
nZn ≤ x) ≤ P (Sn ≤ 2F ′(0)x+ δ).

The central limit theorem, Theorem 21, now implies that

P (Sn ≤ 2F ′(0)x± δ) → Φ(2F ′(0)x± δ),

and the claim follows since δ was arbitrary.
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