
Basics in Applied Mathematics

Projects of numerical analysis

1 Preconditioned congjugate gradients

Implement the CG and the descent method for the approximate solution of the system Ax = b.

(i) Compare the number of iterations required by the two methods using the example
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with n = 10s, s = 1, 2, . . . , 5, and h = 2/(n+ 1). Choose the termination criterion ∥b−Axk∥ ≤ h
and as initial value x0 = [0, 0, . . . , 0]⊤ ∈ Rn.

(ii) Calculate the quotient of the norms for two consecutive residuals, display these in a table and
comment on your results.

(iii) Visualise the numerical solution graphically using the command plot([-1:h:1],[0,x’,0]). The
curve should approximate a function u : [−1, 1] → R for which −u′′ = 1 and u(−1) = u(1) = 0
hold. Could you guess the expression of such function? Finally, plot the approximation error in
the L∞-norm over [-1,1] with respect to the parameter h. What can you conclude?

To reduce the number of iterations in the CG method, it is quite common to introduce a matrix P ∈
Rn×n, called preconditioner, which is designed to fulfill the following: P−1A is close to the identity; the
conditioning number satisfies κ(P−1A) ≪ κ(A); and the equivalent system P−1Ax = P−1b is faster to
solve at any iteration. Find a suitable choice for P and then, for n = 10s, s = 1, 2, . . . , 5

(iv) visualize the eigenvalues of P−1A in a scatter plot and graphically compare the condition numbers
κ(P−1A) and κ(A);

(v) use the Matlab routine pcg(...) to solve the linear system with the preconditioned CG method
and describe the results.

2 Triangulations and numerical integration

To numerically solve Partial Differential Equations (PDEs) over a complex domain Ω, a fundamental
step is the introduction of a triangulation of the domain. A common format for storing triangulations
consists of a list Z ∈ RN×d with the coordinates of the nodes z1, z2, . . . , zN ∈ Rd, which also defines
a numbering of the nodes, and a list T ∈ RL×(d+1), which contains the numbers of the nodes of the
individual triangles or tetrahedra T1, T2, . . . , TL.

(i) Write a program that performs a uniform refinement of a given triangulation of a two-dimensional
domain in the above format. Each triangle should be divided into four congruent sub-triangles
by bisecting its sides, as shown in Figure 1. Test your routine on two simple examples. You can
visualise triangulations in Matlab with the command trimesh(T,Z(:,1),Z(:,2)).

(ii) Implement a composite quadrature formula for a given triangulation of a domain Ω ⊂ R2 that uses
a Gaussian 5-point quadrature formula on each triangle. Experimentally verify the exactness and
convergence properties of the formula using a sequence of uniformly refined triangulations and the
function f(x1, x2) = sin(2πx1) sin(2πx2) in the domain Ω = (−1, 1)2 \ (0, 1)2.
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Figure 1: Refinement of a triangulation by bisecting the edges

3 Numerical approximation of Ordinary Differential Equations

Ordinary differential equations can be solved approximately in Matlab with the routine ode45. In
the case of the system y′ = f(t, y) in the interval [0, T ] with initial condition y(0) = y0 this is realized
for the mapping f(t, y) = Ay in the Matlab program shown in Figure 2. The routine ode45 provides
a list t_vec of time points 0 = t0 < t1 < · · · < tN = T and a matrix y_vec with corresponding
approximations ỹ(ti) of the exact solution values y(ti) at the time points ti, i = 0, 1, . . . , N . Modify
the program test_ode.m to solve the following initial value problems approximately and to graphically
display the approximate solutions:

(i) the initial value problem of the predator-prey model

y′1 = αy1(1− y2), y′2 = βy2(y1 − 1)

in the interval [0, T ] with T = 10 and α = 2, β = 1 and the initial conditions y1(0) = 3 and
y2(0) = 1;

(ii) the initial value problem of the spring pendulum

my′′ + ry′ +D(y − ℓ) = 0

in the interval [0, T ] with T = 1 and m = 1, D = 1, ℓ = 1 and various values r ∈ {0, 1, 5} and the
initial conditions y(0) = ℓ and y′(0) = 1;

(iii) the initial value problem of the undamped pendulum

y′′ = −(g/ℓ) sin(y)

with g = 1, ℓ = 1 and the initial conditions y(0) = 0 and y′(0) ∈ {1, 2, 4, 8};

(iv) the initial value problem
y′′ −Ny′ − (N + 1)y = 0

in the interval [0, 1] with initial conditions y(0) = 1, y′(0) = −1, whose exact solution is given by
y(t) = e−t, for N = 1, 2, 10 and small perturbations of the initial condition y(0) = 1.

1 function test_ode

2 T = 1; y_0 = [1 ,2];

3 [t_vec ,y_vec] = ode45(@f ,[0,T],y_0);

4 plot(t_vec ,y_vec (:,1),’-r’); hold on;

5 plot(t_vec ,y_vec (:,2),’-b’); hold off;

6

7 function dy = f(t,y)

8 A = [-2,0;0,-5]; dy = A*y;

Figure 2: Numerically solving an initial value problem with Matlab routines
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